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Chapter 3
ImageFormation

Andsincegeometryis theright foundationof all painting, I havede-
cided to teach its rudimentsand principles to all youngsters eager
for art...

– AlbrechtDürer, TheArt of Measurement,1525

Thischapterintroducessimplemathematicalmodelsof theimageformationpro-
cess.In abroad�gurati vesense,visionis theinverseproblemof imageformation:
thelatterstudieshow objectsgiveriseto images,while theformerattemptsto use
imagesto recover a descriptionof objectsin space.Therefore,designingvision
algorithmsrequires�rst developinga suitablemodelof imageformation.Suit-
able,in this context, doesnot necessarilymeanphysicallyaccurate:the level of
abstractionandcomplexity in modelingimageformationmusttradeoff physical
constraintsandmathematicalsimplicity in orderto resultin a manageablemodel
(i.e. onethat canbe invertedwith reasonableeffort). Physicalmodelsof image
formation easily exceedthe level of complexity necessaryand appropriatefor
this book,anddeterminingthe right modelfor theproblemat handis a form of
engineeringart.

It comesasno surprise,then,that the studyof imageformationhasfor cen-
turiesbeenin thedomainof artisticreproductionandcomposition,moresothan
of mathematicsand engineering.Rudimentaryunderstandingof the geometry
of image formation, which includesvarious models for projecting the three-
dimensionalworld onto a plane(e.g.,a canvas),is implicit in variousforms of
visual arts.The roots of formulating the geometryof imageformation can be
tracedbackto thework of Euclid in thefourthcenturyB.C.. Examplesof partially
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correctperspective projectionarevisible in thefrescoesandmosaicsof Pompeii
(Figure3.1) from the �rst centuryB.C.. Unfortunately, theseskills seemto have
beenlostwith thefall of theRomanempire,andit tookovera thousandyearsfor
correctperspective projectionto emergein paintingsagainin the late fourteenth
century. It wasthe early Renaissancepainterswho developedsystematicmeth-
odsfor determiningthe perspective projectionof three-dimensionallandscapes.
The �rst treatiseon perspective, Della Pictura, waspublishedby Leon Battista
Alberti, who emphasizedthe “eye's view” of the world capturingcorrectly the
geometryof the projectionprocess.It is no coincidencethat early attemptsto
formalizetherulesof perspectivecamefrom artistspro�cient in architectureand
engineering,suchasAlberti andBrunelleschi.Geometry, however, is only a part

Figure3.1.Frescoesfrom the �rst centuryB.C. in Pompeii.Partially correctperspective
projectionis visible in thepaintings,althoughnotall parallellinesconvergeto thevanish-
ing point. The skill waslost during the middle ages,andit did not reappearin paintings
until theRenaissance(imagecourtesyof C. Taylor).

of the imageformationprocess:in orderto obtainan image,we needto decide
notonly whereto draw apoint,but alsowhatbrightnessvalueto assignto it. The
interactionof light with matteris at thecoreof thestudiesof LeonardoDa Vinci
in the 1500s,andhis insightson perspective, shading,color, andeven stereop-
sisarevibrantly expressedin his notes.RenaissancepainterssuchasCaravaggio
andRaphaelexhibitedrathersophisticatedskills in renderinglight andcolor that
remaincompellingto thisday.1

In this book,we restrictour attentionto thegeometryof thescene,andthere-
fore, we needa simplegeometricmodel of imageformation,which we derive

1There is someevidencethat suggeststhat someRenaissanceartistssecretlyusedcamera-like
devices(camera obscura) [Hockney, 2001].
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in this chapter. More complex photometricmodelsarebeyond the scopeof this
book;in thenext two sectionsaswell asin Appendix3.A at theendof thischap-
ter, we will review someof thebasicnotionsof radiometrysothatthereadercan
betterevaluatetheassumptionsby which we areableto reduceimageformation
to a purelygeometricprocess.

3.1 Representationof images

An image, asfarasthisbookis concerned,is atwo-dimensionalbrightnessarray.2

In otherwords,it is amapI , de�nedonacompactregion
 of atwo-dimensional
surface,takingvaluesin thepositive realnumbers.For instance,in thecaseof a
camera,
 is a planar, rectangularregion occupiedby thephotographicmedium
or by theCCDsensor. SoI is a function

I : 
 � R2 ! R+ ; (x; y) 7! I (x; y): (3.1)

Suchan image(function) canbe represented,for instance,usingthe graphof I
asin theexamplein Figure3.2.In thecaseof a digital image,boththedomain

andtherangeR+ arediscretized.For instance,
 = [1; 640]� [1; 480]� Z2, and
R+ is approximatedby aninterval of integers[0; 255] � Z+ . Suchanimagecan
berepresentedby anarrayof numbersasin Table3.1.
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Figure3.2.An imageI representedasa two-dimensionalsurface,thegraphof I .

The valuesof the imageI dependuponphysicalpropertiesof the scenebeing
viewed,suchasits shape,its materialre�ectanceproperties,andthedistribution
of the light sources.Despitethe fact that Figure3.2 andTable3.1 do not seem
very indicative of the propertiesof the scenethey portray, this is how they are
representedin a computer. A differentrepresentationof the sameimagethat is

2If it is acolor image,its RGB(red,green,blue)valuesrepresentthreesucharrays.
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188 186 188 187 168 130 101 99 110 113 112 107 117 140 153 153 156 158 156 153
189 189 188 181 163 135 109 104 113 113 110 109 117 134 147 152 156 163 160 156
190 190 188 176 159 139 115 106 114 123 114 111 119 130 141 154 165 160 156 151
190 188 188 175 158 139 114 103 113 126 112 113 127 133 137 151 165 156 152 145
191 185 189 177 158 138 110 99 112 119 107 115 137 140 135 144 157 163 158 150
193 183 178 164 148 134 118 112 119 117 118 106 122 139 140 152 154 160 155 147
185 181 178 165 149 135 121 116 124 120 122 109 123 139 141 154 156 159 154 147
175 176 176 163 145 131 120 118 125 123 125 112 124 139 142 155 158 158 155 148
170 170 172 159 137 123 116 114 119 122 126 113 123 137 141 156 158 159 157 150
171 171 173 157 131 119 116 113 114 118 125 113 122 135 140 155 156 160 160 152
174 175 176 156 128 120 121 118 113 112 123 114 122 135 141 155 155 158 159 152
176 174 174 151 123 119 126 121 112 108 122 115 123 137 143 156 155 152 155 150
175 169 168 144 117 117 127 122 109 106 122 116 125 139 145 158 156 147 152 148
179 179 180 155 127 121 118 109 107 113 125 133 130 129 139 153 161 148 155 157
176 183 181 153 122 115 113 106 105 109 123 132 131 131 140 151 157 149 156 159
180 181 177 147 115 110 111 107 107 105 120 132 133 133 141 150 154 148 155 157
181 174 170 141 113 111 115 112 113 105 119 130 132 134 144 153 156 148 152 151
180 172 168 140 114 114 118 113 112 107 119 128 130 134 146 157 162 153 153 148
186 176 171 142 114 114 116 110 108 104 116 125 128 134 148 161 165 159 157 149
185 178 171 138 109 110 114 110 109 97 110 121 127 136 150 160 163 158 156 150

Table3.1.TheimageI representedasa two-dimensionalmatrixof integers(subsampled).

bettersuitedfor interpretationby thehumanvisualsystemis obtainedby gener-
atinga picture. A picturecanbethoughtof asa scenedifferentfrom thetrueone
thatproduceson the imagingsensor(theeye in this case)thesameimageasthe
trueone.In thissensepicturesare“controlledillusions”: they arescenesdifferent
from the trueones(they are�at ), thatproducein theeye thesameimageasthe
original scenes.A pictureof thesameimageI describedin Figure3.2andTable
3.1 is shown in Figure3.3.Althoughthe latterseemsmoreinformativeasto the
contentof the scene,it is merelya differentrepresentationandcontainsexactly
thesameinformation.
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Figure3.3.A “picture” of theimageI (comparewith Figure3.2andTable3.1).

3.2 Lenses,light, andbasicphotometry

In order to describethe imageformationprocess,we mustspecifythe valueof
I (x; y) at eachpoint (x; y) in 
 . Sucha valueI (x; y) is typically calledimage
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intensityor brightness, or more formally irr adiance. It hasthe units of power
per unit area(W/m2) anddescribesthe energy falling onto a small patchof the
imagingsensor. Theirradianceatapointof coordinates(x; y) is obtainedby inte-
gratingenergybothin time(e.g.,theshutterinterval in acamera,or theintegration
timein aCCDarray)andin aregionof space.Theregionof spacethatcontributes
to theirradianceat (x; y) dependsupontheshapeof theobject(surface)of inter-
est,the opticsof the imagingdevice, andit is by no meanstrivial to determine.
In Appendix3.A at theendof thischapter, wediscusssomecommonsimplifying
assumptionsto approximateit.

3.2.1 Imaging throughlenses

A camera(or in generalan optical system)is composedof a setof lensesused
to “direct” light. By directinglight we meana controlledchangein thedirection
of propagation,which canbeperformedby meansof diffraction,refraction,and
re�ection. For the sake of simplicity, we neglect the effects of diffraction and
re�ection in a lenssystem,andwe consideronly refraction.Evenso,a complete
descriptionof thefunctioningof a(purelyrefractive)lensis well beyondthescope
of thisbook.Therefore,wewill consideronly thesimplestpossiblemodel,thatof
a thin lens. For a moregermanemodelof light propagation,theinterestedreader
is referredto theclassictextbook[Born andWolf, 1999].

A thin lens(Figure3.4) is a mathematicalmodelde�ned by anaxis,calledthe
optical axis, anda planeperpendicularto the axis, called the focal plane, with
a circularaperturecenteredat theoptical center, i.e. the intersectionof thefocal
planewith theopticalaxis.Thethin lenshastwo parameters:its focallengthf and
its diameterd. Its functionis characterizedby two properties.The�rst propertyis
thatall raysenteringtheapertureparallelto theopticalaxisintersectontheoptical
axis at a distancef from the optical center. The point of intersectionis called
the focusof the lens (Figure3.4). The secondpropertyis that all rays through
theoptical centerareunde�ected.Considera point p 2 E3 not too far from the
optical axis at a distanceZ alongthe optical axis from the optical center. Now
draw two raysfrom thepoint p: oneparallelto theopticalaxis,andonethrough
theopticalcenter(Figure3.4).The�rst oneintersectstheopticalaxisat thefocus,
thesecondremainsunde�ected(by thede�ning propertiesof thethin lens).Call
x thepoint wherethetwo raysintersect,andlet z beits distancefrom theoptical
center. By decomposingany otherray from p into acomponentrayparallelto the
opticalaxisandonethroughtheopticalcenter, we canarguethatall raysfrom p
intersectat x on theoppositesideof thelens.In particular, a ray from x parallel
to the optical axis,mustgo throughp. Using similar triangles,from Figure3.4,
weobtainthefollowing fundamentalequationof thethin lens:

1
Z

+
1
z

=
1
f

:
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Figure3.4.Theimageof thepointp is thepointx at theintersectionof raysgoingparallel
to theopticalaxisandtheray throughtheopticalcenter.

Thepointx will becalledtheimage3 of thepointp. Therefore,undertheassump-
tion of a thin lens,the irradianceI (x ) at thepoint x with coordinates(x; y) on
theimageplaneis obtainedby integratingall theenergy emittedfrom theregion
of spacecontainedin the conedeterminedby the geometryof the lens,as we
describein Appendix3.A.

3.2.2 Imaging througha pinhole

If we let the apertureof a thin lens decreaseto zero,all rays are forced to go
throughtheopticalcentero, andthereforethey remainunde�ected.Consequently,
theapertureof theconedecreasesto zero,andtheonly pointsthatcontribute to
theirradianceat theimagepoint x = [x; y]T areona line throughthecentero of
thelens.If apointp hascoordinatesX = [X ; Y; Z ]T relativeto areferenceframe
centeredat theopticalcentero, with its z-axisbeingtheopticalaxis(of thelens),
thenit is immediateto seefrom similar trianglesin Figure3.5thatthecoordinates
of p andits imagex arerelatedby theso-calledidealperspectiveprojection

x = � f
X
Z

; y = � f
Y
Z

; (3.2)

where f is referred to as the focal length. Sometimes,we simply write the
projectionasa map� :

� : R3 ! R2; X 7! x : (3.3)

Wealsooftenwrite x = � (X ). Notethatany otherpointontheline throughoand
p projectsonto thesamecoordinatesx = [x; y]T . This imagingmodelis called
anideal pinholecamera model.It is anidealizationof thethin lensmodel,since

3Heretheword “image” is to bedistinguishedfrom theirradianceimageI (x ) introducedbefore.
Whether“image” indicatesx or I (x ) will bemadeclearby thecontext.
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Figure3.5.Pinholeimagingmodel:Theimageof thepointp is thepoint x at theintersec-
tion of theray goingthroughtheopticalcentero andanimageplaneat a distancef away
from theopticalcenter.

whentheaperturedecreases,diffractioneffectsbecomedominant,andtherefore
the(purelyrefractive) thin lensmodeldoesnothold [Born andWolf, 1999]. Fur-
thermore,as the aperturedecreasesto zero, the energy going throughthe lens
alsobecomeszero.Althoughit is possibleto actuallybuild devicesthatapproxi-
matepinholecameras,from ourperspectivethepinholemodelwill bejustagood
geometricapproximationof a well-focusedimagingsystem.

Noticethatthereis anegativesignin eachof theformulae(3.2).Thismakesthe
imageof anobjectappearto beupsidedown on the imageplane(or the retina).
To eliminatethis effect, we cansimply �ip the image:(x; y) 7! (� x; � y). This
correspondsto placingthe imageplanef z = � f g in front of theoptical center
insteadf z = + f g. In thisbookwewill adoptthismoreconvenient“frontal” pin-
holecameramodel,illustratedin Figure3.6. In this case,the imagex = [x; y]T

of thepointp is givenby

x = f
X
Z

; y = f
Y
Z

: (3.4)

We often usethe samesymbol, x , to denotethe homogeneousrepresentation
[f X=Z; f Y=Z; 1]T 2 R3, aslong asthedimensionis clearfrom thecontext.4

In practice,thesizeof theimageplaneis usuallylimited, hencenoteverypoint
p in spacewill generateanimagex insidetheimageplane.We de�ne the�eld of
view (FOV) to betheanglesubtendedby thespatialextentof thesensorasseen
from theopticalcenter. If 2r is thelargestspatialextensionof thesensor(e.g.,the

4In the homogeneousrepresentation,it is only the directionof the vectorx that is important.It
is not crucial to normalizethe last entry to 1 (seeAppendix3.B). In fact, x canbe representedby
� X for any nonzero� 2 R aslong aswe rememberthat any suchvectoruniquelydeterminesthe
intersectionof theimagerayandtheactualimageplane,in this casef Z = f g.
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Figure3.6.Frontalpinholeimagingmodel:theimageof a3-D pointp is thepoint x at the
intersectionof theraygoingthroughtheopticalcentero andtheimageplaneat a distance
f in front of theopticalcenter.

sideof theCCD),thenthe�eld of view is � = 2arctan(r=f ). Noticethatif a �at
planeis usedastheimageplane,theangle� is alwayslessthan180� .5

In Appendix3.A we give a concisedescriptionof a simpli�ed model to de-
terminethe intensityvalueof the imageat the positionx , I (x ). This depends
upontheambientlight distribution, thematerialpropertiesof thevisible surfaces
and,their geometry. Therewe alsoshow underwhat conditionsthis modelcan
bereducedto a purelygeometricone,wherethe intensitymeasuredat a pixel is
identical to the amountof energy radiatedat the correspondingpoint in space,
independentof thevantagepoint, e.g.,a Lambertiansurface.Underthesecondi-
tions,theimageformationprocesscanbereducedto tracingraysfrom surfacesin
spaceto pointson theimageplane.How to dosois explainedin thenext section.

3.3 A geometricmodelof imageformation

As we have mentionedin the previous sectionandwe elaboratefurther in Ap-
pendix3.A, underthe assumptionsof a pinholecameramodelandLambertian
surfaces,onecanessentiallyreducetheprocessof imageformationto tracingrays
from pointson objectsto pixels.That is, knowing which point in spaceprojects
ontowhichpointon theimageplaneallowsoneto directlyassociatetheradiance
at thepoint to theirradianceof its image;seeequation(3.36)in Appendix3.A. In
orderto establishaprecisecorrespondencebetweenpointsin 3-D space(with re-
spectto a �x edglobalreferenceframe)andtheirprojectedimagesin a2-D image
plane(with respectto a local coordinateframe),a mathematicalmodel for this
processmustaccountfor threetypesof transformations:

5In caseof a sphericalor ellipsoidal imagingsurface,commonin omnidirectionalcameras,the
�eld of view canoftenexceed180� .
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1. coordinatetransformationsbetweenthecameraframeandtheworld frame;

2. projectionof 3-D coordinatesonto2-D imagecoordinates;

3. coordinatetransformationbetweenpossiblechoicesof imagecoordinate
frame.

In this sectionwe will describesucha (simpli�ed) imageformationprocessasa
seriesof transformationsof coordinates.Invertingsuchachainof transformations
is generallyreferredto as“cameracalibration,” which is thesubjectof Chapter6
andalsoa key stepto 3-D reconstruction.

3.3.1 An idealperspectivecamera

Let us considera genericpoint p, with coordinatesX 0 = [X 0; Y0; Z0]T 2 R3

relative to theworld referenceframe.6 As we know from Chapter2, thecoordi-
natesX = [X ; Y; Z ]T of thesamepoint p relative to thecameraframearegiven
by arigid-bodytransformationg = (R; T) of X 0:

X = RX 0 + T 2 R3:

Adopting the frontal pinhole cameramodel introducedin the previous section
(Figure3.6), we seethat the point X is projectedonto the imageplaneat the
point

x =
�
x
y

�
=

f
Z

�
X
Y

�
:

In homogeneouscoordinates,this relationshipcanbewrittenas

Z

2

4
x
y
1

3

5 =

2

4
f 0 0 0
0 f 0 0
0 0 1 0

3

5

2

6
6
4

X
Y
Z
1

3

7
7
5 : (3.5)

We canrewrite theaboveequationequivalentlyas

Z x =

2

4
f 0 0 0
0 f 0 0
0 0 1 0

3

5 X ; (3.6)

whereX := [X ; Y; Z; 1]T andx := [x; y; 1]T arenow in homogeneousrepresen-
tation.Sincethe coordinateZ (or thedepthof thepoint p) is usuallyunknown,
we maysimply write it asanarbitrarypositive scalar� 2 R+ . Noticethat in the

6Weoftenindicatewith X 0 thecoordinatesof thepoint relative to theinitial positionof amoving
cameraframe.
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aboveequationwe candecomposethematrix into
2

4
f 0 0 0
0 f 0 0
0 0 1 0

3

5 =

2

4
f 0 0
0 f 0
0 0 1

3

5

2

4
1 0 0 0
0 1 0 0
0 0 1 0

3

5 :

De�ne two matrices

K f
:=

2

4
f 0 0
0 f 0
0 0 1

3

5 2 R3� 3; � 0
:=

2

4
1 0 0 0
0 1 0 0
0 0 1 0

3

5 2 R3� 4: (3.7)

The matrix � 0 is often referredto as the standard (or “canonical”) projection
matrix. Fromthecoordinatetransformationwehave for X = [X ; Y; Z; 1]T ,

2

6
6
4

X
Y
Z
1

3

7
7
5 =

2

4
R T

0 1

3

5

2

6
6
4

X 0

Y0

Z0

1

3

7
7
5 : (3.8)

To summarize,using the above notation,the overall geometricmodel for an
ideal camera canbedescribedas

�

2

4
x
y
1

3

5 =

2

4
f 0 0
0 f 0
0 0 1

3

5

2

4
1 0 0 0
0 1 0 0
0 0 1 0

3

5

2

4
R T

0 1

3

5

2

6
6
4

X 0

Y0

Z0

1

3

7
7
5 ;

or in matrix form,

� x = K f � 0X = K f � 0gX 0: (3.9)

If the focal length f is known and hencecan be normalizedto 1, this model
reducesto a Euclideantransformationg followed by a standardprojection� 0,
i.e.

� x = � 0X = � 0gX 0: (3.10)

3.3.2 Camera with intrinsic parameters

Theidealmodelof equation(3.9) is speci�ed relative to a very particularchoice
of referenceframe,the “canonicalretinal frame,” centeredat the optical center
with oneaxisalignedwith theopticalaxis.In practice,whenonecapturesimages
with a digital camerathe measurementsare obtainedin termsof pixels (i; j ),
with the origin of the imagecoordinateframetypically in the upper-left corner
of the image.In orderto renderthe model (3.9) usable,we needto specifythe
relationshipbetweentheretinalplanecoordinateframeandthepixel array.

The�rst stepconsistsin specifyingtheunitsalongthe x- andy-axes:if (x; y)
arespeci�ed in termsof metric units (e.g.,millimeters),and(xs ; ys) arescaled
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versionsthatcorrespondto coordinatesof thepixel, thenthe transformationcan
bedescribedby ascalingmatrix

�
xs

ys

�
=

�
sx 0
0 sy

� �
x
y

�
(3.11)

thatdependson thesizeof thepixel (in metricunits)alongthex andy directions
(Figure3.7).Whensx = sy , eachpixel is square.In general,they canbedifferent,
andthenthepixel is rectangular. However, herexs andys arestill speci�edrela-
tive to theprincipal point (wherethez-axisintersectstheimageplane),whereas
thepixel index (i; j ) is conventionallyspeci�ed relative to theupper-left corner,
andis indicatedby positivenumbers.Therefore,weneedto translatetheorigin of
thereferenceframeto this corner(asshown in Figure3.7),

x0 = xs + ox ;

y0 = ys + oy ;

where(ox ; oy ) are the coordinates(in pixels) of the principal point relative to
the image referenceframe. So the actual image coordinatesare given by the
vectorx 0 = [x0; y0; 1]T insteadof the ideal imagecoordinatesx = [x; y; 1]T .
Theabovestepsof coordinatetransformationcanbewritten in thehomogeneous
representationas

x 0 :=

2

4
x0

y0

1

3

5 =

2

4
sx 0 ox

0 sy oy

0 0 1

3

5

2

4
x
y
1

3

5 ; (3.12)

wherex0andy0areactualimagecoordinatesin pixels.Thisis illustratedin Figure
3.7. In casethe pixels are not rectangular, a more generalform of the scaling

normalized coordinates

(0,0)

pixel coordinates
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Figure3.7.Transformationfrom normalizedcoordinatesto coordinatesin pixels.

matrixcanbeconsidered,
�
sx s�

0 sy

�
2 R2� 2;
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wheres� is calledaskew factorandis proportionalto cot(� ), where� is theangle
betweentheimageaxesxs andys.7 Thetransformationmatrix in (3.12)thentakes
thegeneralform

K s
:=

2

4
sx s� ox

0 sy oy

0 0 1

3

5 2 R3� 3: (3.13)

In many practicalapplicationsit is commonto assumethats� = 0.
Now, combining the projection model from the previous section with the

scaling and translationyields a more realistic model of a transformationbe-
tweenhomogeneouscoordinatesof a 3-D point relative to thecameraframeand
homogeneouscoordinatesof its imageexpressedin termsof pixels,

�

2

4
x0

y0

1

3

5 =

2

4
sx s� ox

0 sy oy

0 0 1

3

5

2

4
f 0 0
0 f 0
0 0 1

3

5

2

4
1 0 0 0
0 1 0 0
0 0 1 0

3

5

2

6
6
4

X
Y
Z
1

3

7
7
5 :

Notice that in the above equation,the effect of a real camerais in fact carried
throughtwo stages:

� The �rst stageis a standardperspective projectionwith respectto a nor-
malizedcoordinate system(as if the focal length were f = 1). This is
characterizedby thestandardprojectionmatrix � 0 = [I ; 0].

� Thesecondstageis anadditionaltransformation(on theobtainedimagex )
that dependson parametersof the camerasuchasthe focal lengthf , the
scalingfactorssx ; sy , ands� , andthecenteroffsetsox ; oy .

Thesecondtransformationis obviously characterizedby thecombinationof the
two matricesK s andK f :

K := K sK f
:=

2

4
sx s� ox

0 sy oy

0 0 1

3

5

2

4
f 0 0
0 f 0
0 0 1

3

5 =

2

4
f sx f s� ox

0 f sy oy

0 0 1

3

5 : (3.14)

The coupling of K s and K f allows us to write the projectionequationin the
following way

� x 0 = K � 0X =

2

4
f sx f s� ox

0 f sy oy

0 0 1

3

5

2

4
1 0 0 0
0 1 0 0
0 0 1 0

3

5

2

6
6
4

X
Y
Z
1

3

7
7
5 : (3.15)

The constant3 � 4 matrix � 0 representsthe perspective projection.The upper
triangular3� 3matrixK collectsall parametersthatare“intrinsic” to aparticular
camera,andis thereforecalledthe intrinsic parametermatrix, or thecalibration

7Typically, theangle� is very closeto 90� , andhences� is very closeto zero.
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matrix of thecamera.Theentriesof thematrix K have the following geometric
interpretation:

� ox : x-coordinateof theprincipalpoint in pixels,

� oy : y-coordinateof theprincipalpoint in pixels,

� f sx = � x : sizeof unit lengthin horizontalpixels,

� f sy = � y : sizeof unit lengthin verticalpixels,

� � x =� y : aspectratio � ,

� f s� : skew of thepixel, oftencloseto zero.

Notethattheheightof thepixel is notnecessarilyidenticalto its width unlessthe
aspectratio � is equalto 1.

Whenthecalibrationmatrix K is known, thecalibratedcoordinatesx canbe
obtainedfrom thepixel coordinatesx 0 by a simpleinversionof K :

� x = �K � 1x 0 = � 0X =

2

4
1 0 0 0
0 1 0 0
0 0 1 0

3

5

2

6
6
4

X
Y
Z
1

3

7
7
5 : (3.16)

TheinformationaboutthematrixK canbeobtainedthroughtheprocessof cam-
eracalibrationto be describedin Chapter6. With the effect of K compensated
for, equation(3.16),expressedin thenormalizedcoordinatesystem,corresponds
to the ideal pinholecameramodelwith the imageplanelocatedin front of the
centerof projectionandthefocal lengthf equalto 1.

To summarize,the geometricrelationshipbetweena point of coordinates
X 0 = [X 0; Y0; Z0; 1]T relative to theworld frameandits correspondingimage
coordinatesx 0 = [x0; y0; 1]T (in pixels)dependson therigid-bodymotion(R; T)
betweentheworld frameandthecameraframe(sometimesreferredto astheex-
trinsic calibration parameters), an idealprojection� 0, andthecameraintrinsic
parametersK . The overall model for imageformation is thereforecapturedby
thefollowing equation:
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In matrix form, we write

� x 0 = K � 0X = K � 0gX 0; (3.17)

or equivalently,

� x 0 = K � 0X = [K R; K T]X 0: (3.18)

Often,for convenience,wecall the3 � 4 matrix K � 0g = [K R; K T] a (general)
projectionmatrix � , to bedistinguishedfrom thestandardprojectionmatrix � 0.
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Hence,theaboveequationcanbesimplywrittenas

� x 0 = � X 0 = K � 0gX 0: (3.19)

Comparedto theidealcameramodel(3.10),theonly changehereis thestandard
projectionmatrix � 0 beingreplacedby a generalone� .

At this stage,in orderto explicitly seethenonlinearnatureof theperspective
projectionequation,we candivide equation(3.19)by thescale� andobtainthe
following expressionsfor theimagecoordinates(x0; y0; z0),

x0 =
� T

1 X 0

� T
3 X 0

; y0 =
� T

2 X 0

� T
3 X 0

; z0 = 1; (3.20)

where� T
1 ; � T

2 ; � T
3 2 R4 arethethreerowsof theprojectionmatrix � .

Example3.1 (Sphericalperspectiveprojection). Theperspective pinholecameramodel
outlinedabove considersplanarimagingsurfaces.An alternative imagingsurfacethat is
alsocommonlyusedis thatof a sphere,shown in Figure3.8.This choiceis partly moti-

image sphere
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Figure3.8.Sphericalperspective projectionmodel:theimageof a 3-D pointp is thepoint
x at theintersectionof theray goingthroughtheopticalcentero anda sphereof radiusr
aroundtheopticalcenter. Typically r is chosento be1.

vatedby retinashapesoftenencounteredin biologicalsystems.Forsphericalprojection,we
simply choosethe imagingsurfaceto be theunit sphereS2 =

�
p 2 R3 j kX (p)k = 1

	
.

Then,thesphericalprojectionis de�ned by themap� s from R3 to S2 :

� s : R3 ! S2 ; X 7! x =
X

kX k
:

As in thecaseof planarperspective projection,therelationshipbetweenpixel coordinates
of a pointandtheir 3-D metriccounterpartcanbeexpressedas

� x 0 = K � 0X = K � 0gX 0 ; (3.21)

wherethescaleis givenby � =
p

X 2 + Y 2 + Z 2 in thecaseof sphericalprojectionwhile
� = Z in thecaseof planarprojection.Therefore,mathematically, sphericalprojectionand
planarprojectioncanbedescribedby thesamesetof equations.Theonly differenceis that
theunknown (depth)scale� takesdifferentvalues.
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For convenience,we oftenwrite x � y for two (homogeneous)vectorsx and
y equalup to a scalarfactor(seeAppendix3.B for moredetail).Fromtheabove
example,we seethatfor any perspectiveprojectionwehave

x 0 � � X 0 = K � 0gX 0; (3.22)

andthe shapeof the imagingsurfacechosendoesnot matter. The imagingsur-
facecanbeany (regular)surfaceaslongasany ray �!op intersectswith thesurface
at onepoint at most.For example,an entireclassof ellipsoidalsurfacescanbe
used,which leadsto the so-calledcatadioptricmodelpopularin many omnidi-
rectionalcameras.In principle,all imagesthusobtainedcontainexactly thesame
information.

3.3.3 Radialdistortion

In addition to linear distortionsdescribedby the parametersin K , if a camera
with a wide �eld of view is used,one can often observe signi�cant distortion
alongradialdirections.Thesimplesteffectivemodelfor suchadistortionis:

x = xd(1 + a1r 2 + a2r 4);

y = yd(1 + a1r 2 + a2r 4);

where(xd; yd) arecoordinatesof thedistortedpoints,r 2 = x2
d + y2

d anda1; a2

are additionalcameraparametersthat model the amountof distortion.Several
algorithmsandsoftwarepackagesareavailablefor compensatingradialdistortion
via calibrationprocedures.In particular, a commonlyusedapproachis that of
[Tsai,1986a], if a calibrationrig is available(seeChapter6 for moredetails).

In case the calibration rig is not available, the radial distortion param-
eters can be estimateddirectly from images. A simple method suggested
by [DevernayandFaugeras,1995] assumesa more general model of radial
distortion:

x = c + f (r )(x d � c);

f (r ) = 1 + a1r + a2r 2 + a3r 3 + a4r 4;

where x d = [xd ; yd]T are the distorted image coordinates,r 2 = kx d �
ck2, c = [cx ; cy ]T is the centerof the distortion, not necessarilycoincident
with the centerof the image,and f (r ) is the distortion correctionfactor. The
method assumesa set of straight lines in the world and computesthe best
parametersof the radial distortion model which would transformthe curved
imagesof the lines into straight segments.One can use this model to trans-
form Figure3.9 (left) into 3.9 (right) via preprocessingalgorithmsdescribedin
[DevernayandFaugeras,1995]. Therefore,in the restof this book we assume
thatradialdistortionhasbeencompensatedfor, anda camerais describedsimply
by the parametermatrix K . The interestedreadermay consultclassicalrefer-
encessuch as [Tsai,1986a, Tsai,1987, Tsai,1989, Zhang,1998b], which are
availableassoftwarepackages.Someauthorshave shown that radial distortion
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Figure3.9.Left: imagetakenby a camerawith a shortfocal length;notethat thestraight
lines in the scenebecomecurved on the image. Right: image with radial distortion
compensatedfor.

canberecoveredfrom multiplecorrespondingimages:asimultaneousestimation
of 3-D geometryandradial distortioncanbe found in the morerecentwork of
[Zhang,1996, Stein,1997, Fitzgibbon,2001]. For moresophisticatedlensaber-
rationmodels,thereadercanrefertoclassicalreferencesin geometricopticsgiven
at theendof this chapter.

3.3.4 Image, preimage, andcoimageof pointsandlines

The precedingsectionshave formally establishedthe notion of a perspective
imageof a point. In principle, this allows us to de�ne an imageof any other
geometricentity in 3-D that canbe de�ned asa setof points (e.g.,a line or a
plane).Nevertheless,aswe have seenfrom theexampleof sphericalprojection,
evenfor apoint, thereexist seeminglydifferentrepresentationsfor its image:two
vectorsx 2 R3 andy 2 R3 mayrepresentthesameimagepoint aslong asthey
arerelatedby anonzeroscalarfactor;i.e.x � y (asaresultof differentchoicesin
theimagingsurface).To avoid possibleconfusionthatcanbecausedby suchdif-
ferentrepresentationsfor thesamegeometricentity, we introducea few abstract
notionsrelatedto theimageof apoint or a line.

Considerthe perspective projectionof a straightline L in 3-D onto the 2-D
imageplane(Figure3.10).To specifya line in 3-D, we cantypically specifya
pointpo, calledthebasepoint,ontheline andspecifyavectorv thatindicatesthe
directionof the line. SupposethatX o = [X o; Yo; Zo; 1]T arethehomogeneous
coordinatesof the basepoint po andV = [V1; V2; V3; 0]T 2 R4 is the homo-
geneousrepresentationof v, relative to the cameracoordinateframe.Then the
(homogeneous)coordinatesof any pointon theline L canbeexpressedas

X = X o + � V ; � 2 R:
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Figure3.10.Perspective imageof a line L in 3-D. Thecollectionof imagesof pointson
theline formsaplaneP . Intersectionof thisplaneandtheimageplanegivesastraightline
` which is theimageof theline.

Then, the imageof the line L is given by the collection of imagepoints with
homogeneouscoordinatesgivenby

x � � 0X = � 0(X o + � V ) = � 0X o + � � 0V :

It is easyto seethatthiscollectionof pointsf x g, treatedasvectorswith origin at
o, spana2-D subspaceP, shown in Figure3.10.Theintersectionof thissubspace
with the imageplanegivesrise to a straightline in the 2-D imageplane,also
shown in Figure3.10.This line is thenthe(physical)imageof theline L .

Now thequestionis how to ef�ciently representtheimageof theline. For this
purpose,we �rst introducethenotionof preimage:

De�nition 3.2(Preimage). A preimageof a point or a line in theimageplaneis
thesetof 3-D pointsthatgiverise to an imageequalto thegivenpointor line.

Note that the given imageis constrainedto lie in the imageplane,whereas
the preimagelies in 3-D space.In the caseof a point x on the imageplane,its
preimageis a one-dimensionalsubspace,spannedby thevectorjoining thepoint
x to thecameracentero. In thecaseof a line, thepreimageis a planeP through
o (hencea subspace)asshown in Figure3.10,whoseintersectionwith theimage
planeis exactly thegivenimageline. Suchaplanecanberepresentedasthespan
of any two linearly independentvectorsin thesamesubspace.Thusthepreimage
is reallythelargestsetof 3-D pointsor linesthatgivesriseto thesameimage.The
de�nition of apreimagecanbegivennotonly for pointsor linesin theimageplane
but also for curves or other more complicatedgeometricentities in the image
planeaswell. However, whenthe imageis a point or a line, the preimageis a
subspace,and we may also representthis subspaceby its (unique)orthogonal
complementin R3. For instance,a planecanberepresentedby its normalvector.
This leadsto thefollowing notionof coimage:

De�nition 3.3 (Coimage). Thecoimage of a point or a line is de�ned to be the
subspacein R3 which is the(unique)orthogonalcomplementof its preimage.
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Thereadermustbeawarethattheimage,preimage,andcoimageareequivalent
representations,sincethey uniquelydetermineoneanother:

image = preimage\ imageplane; preimage= span(image);

preimage= coimage? ; coimage = preimage? :

Sincethe preimageof a line L is a two-dimensionalsubspace,its coimageis
representedasthespanof thenormalvectorto thesubspace.Thenotationweuse
for this is ` = [a; b;c]T 2 R3 (Figure3.10).If x is theimageof a point p on this
line, thenit satis�estheorthogonalityequation

` T x = 0: (3.23)

Recallthatweusebu 2 R3� 3 to denotetheskew-symmetricmatrixassociatedwith
avectoru 2 R3. Its columnvectorsspanthesubspaceorthogonalto thevectoru.
Thusthecolumnvectorsof thematrixb̀ spantheplanethatis orthogonalto ` , i.e.
they spanthepreimageof theline L . In Figure3.10,thismeansthatP = span(b̀).
Similarly, if x is theimageof a point p, its coimageis theplaneorthogonalto x
givenby thespanof thecolumnvectorsof thematrix bx . Thus,in principle,we
shouldusethenotationin Table3.2to representtheimage,preimage,or coimage
of apoint anda line.

Notation Image Preimage Coimage

Point span(x )\ imageplane span(x ) � R3 span(bx ) � R3

Line span(b̀)\ imageplane span(b̀) � R3 span(` ) � R3

Table3.2.Theimage,preimage,andcoimageof apoint anda line.

Althoughthe(physical)imageof apointor a line, strictly speaking,is anotion
thatdependsona particularchoiceof imagingsurface,mathematicallyit is more
convenientto useits preimageor coimageto representit. For instance,we will
usethe vectorx , de�ned up to a scalarfactor, to representthe preimage(hence
theimage)of a point; andthevector` , de�ned up to a scalarfactor, to represent
thecoimage(hencetheimage)of a line. Therelationshipsbetweenpreimageand
coimageof pointsandlinescanbeexpressedin termsof thevectorsx ; ` 2 R3 as

bxx = 0; b̀̀ = 0:

Often, for a simpler language,we may refer to either the preimageor coimage
of pointsandlinesasthe“image” if its actualmeaningis clearfrom thecontext.
For instance,in Figure3.10,we will, in futurechapters,oftenmarkin theimage
planetheimageof theline L by thesamesymbol` asthevectortypically usedto
denoteits coimage.
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3.4 Summary

In this chapter, perspective projectionis introducedasa modelof the imagefor-
mationfor a pinholecamera.In the idealcase(e.g.,whenthecalibrationmatrix
K is theidentity),homogeneouscoordinatesof animagepointarerelatedto their
3-D counterpartsby anunknown (depth)scale� ,

� x = � 0X = � 0gX 0:

If K is not the identity, the standardperspective projectionis augmentedby an
additionallineartransformationK on theimageplane

x 0 = K x :

This yields the following relationshipbetweencoordinatesof an (uncalibrated)
imageandtheir 3-D counterparts

� x 0 = K � 0X = K � 0gX 0:

As equivalent representationsfor an image of a point or a line, we intro-
ducedthe notionsof image,preimage,andcoimage,whoserelationshipswere
summarizedin Table3.2.

3.5 Exercises

Exercise3.1 Show thatany pointontheline througho andp projectsontothesameimage
coordinatesasp.

Exercise 3.2 Considera thin lens imaging a planeparallel to the lens at a distancez
from the focal plane.Determinethe region of this planethat contributesto the imageI
at the point x . (Hint: consider�rst a one-dimensionalimagingmodel, then extend to a
two-dimensionalimage.)

Exercise3.3 (Field of view). An importantparameterof theimagingsystemis the�eld of
view (FOV). The�eld of view is twice theanglebetweentheopticalaxis(z-axis)andthe
endof the retinal plane(CCD array).Imaginehaving a camerasystemwith focal length
24 mm,andretinalplane(CCD array)(16 mm � 12 mm) andthatyour digitizer samples
your imagingsurfaceat500� 500pixelsin thehorizontalandverticaldirections.

1. ComputetheFOV.

2. Write down therelationshipbetweentheimagecoordinateandapoint in 3-D space
expressedin thecameracoordinatesystem.

3. Describehow the sizeof the FOV is relatedto the focal lengthandhow it affects
theresolutionin theimage.

4. Write a softwareprogram(in Matlab)thatsimulatesthegeometryof theprojection
process;given the coordinatesof an objectwith respectto the calibratedcamera
frame,createanimageof thatobject.Experimentwith changingtheparametersof
theimagingsystem.
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Exercise3.4 Underthestandardperspective projection(i.e.K = I ):

1. Whatis theimageof asphere?

2. Characterizetheobjectsfor which the imageof thecentroidis the centroidof the
image.

Exercise3.5 (Calibration matrix). Computethecalibrationmatrix K thatrepresentsthe
transformationfrom imageI to I 0 asshown in Figure3.11.Notethat,from thede�nition
of the calibrationmatrix, you needto usehomogeneouscoordinatesto representimage
points.SupposethattheresultingimageI 0 is furtherdigitizedinto anarrayof 640 � 480

(0,0)

(640,480)
(1,1)

(0,0)

(-1,-1)PSfragreplacements

x0

y0
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I I 0

Figure3.11.Transformationof a normalizedimageinto pixel coordinates.

pixelsandtheintensityvalueof eachpixel is quantizedto anintegerin [0; 255]. Thenhow
many differentdigitizedimagescanonepossiblygetfrom sucha process?

Exercise3.6 (Image cropping). In this exercise,we examinethe effect of croppingan
imagefrom a changeof coordinateviewpoint. Computethe coordinatetransformation
betweenpixels (of samepoints)betweenthe two imagesin Figure3.12.Representthis
transformationin homogeneouscoordinates.

(0,240)

(0,0)
(320,0)

(0,0)

(640,480)(640,480)
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Figure3.12.An imageof size640 � 480 pixels is croppedby half andthentheresulting
imageis up-sampledandrestoredasa 640� 480-pixel image.

Exercise3.7 (Approximatecameramodels). Themostcommonlyusedapproximation
to the perspective projectionmodel is orthographic projection. The light rays in the or-
thographicmodeltravel alonglinesparallelto the opticalaxis.The relationshipbetween
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imagepointsand3-D pointsin this caseis particularlysimple:x = X ; y = Y . So, the
geometricmodelfor orthographicprojectioncanbeexpressedas

�
x
y

�
=

�
1 0 0
0 1 0

�
2

4
X
Y
Z

3

5 ; (3.24)

or simply in matrix form

x = � oX ; (3.25)

where� o
:= [I 2� 2 ; 0] 2 R2� 3 . A scaledversionof theorthographicmodelleadsto the

so-calledweak-perspectivemodel

x = s� oX ; (3.26)

wheres is aconstantscalarindependentof thepointx . Show how the(scaled)orthographic
projectionapproximatesperspective projectionwhenthesceneoccupiesa volumewhose
diameter(ordepthvariationof thescene)is smallcomparedto itsdistancefrom thecamera.
Characterizeat leastonemoreconditionunderwhich the two projectionmodelsproduce
similar results(equalin thelimit).

Exercise3.8 (Scaleambiguity). It is commonsensethatwith a perspective camera,one
cannot tell anobjectfrom anotherobjectthatis exactly twiceasbig but twiceasfar. This
is aclassicambiguityintroducedby theperspectiveprojection.Usetheidealcameramodel
to explainwhy this is true.Is thesamealsotruefor theorthographicprojection?Explain.

Exercise3.9 (Image of lines and their intersection). Considerthe imageof a line L
(Figure3.10).

1. Show thatthereexistsa vectorin R3 , call it ` , suchthat

` T x = 0

for theimagex of every point on theline L . Whatis thegeometricmeaningof the
vector` ? (Notethatthevector` is de�ned only up to anarbitraryscalarfactor.)

2. If theimagesof two pointson theline L aregiven,sayx 1 ; x 2 , expressthevector`
in termsof x 1 andx 2 .

3. Now supposeyouaregiventwo imagesof two lines,in theabovevectorform ` 1 ; ` 2 .
If x is theintersectionof thesetwo imagelines,expressx in termsof ` 1 ; ` 2 .

Exercise3.10 (Vanishing points). A straightline on the 3-D world is projectedonto a
straightline in theimageplane.Theprojectionsof two parallellinesintersectin theimage
planeat thevanishingpoint.

1. Show thatprojectionsof parallellinesin 3-D spaceintersectatapointontheimage.

2. Compute,for agivenfamily of parallellines,wherein theimagethevanishingpoint
will be.

3. Whendoesthevanishingpointof thelinesin theimageplanelie at in�nity (i.e. they
do not intersect)?

Thereadermayreferto Appendix3.B for a moreformal treatmentof vanishingpointsas
well astheir mathematicalinterpretation.
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3.A Basicphotometrywith light sourcesandsurfaces

In this sectionwe give a concisedescriptionof a basicradiometricimageforma-
tion model,andshow thatsomesimpli�cations arenecessaryin orderto reduce
themodelto a purelygeometricone,asdescribedin this chapter. The ideais to
describea modelof how theintensityat a pixel on theimageis generated.Under
suitableassumptions,weshow thatsuchintensitydependsonly on theamountof
energy radiatedfrom visiblesurfacesin spaceandnoton thevantagepoint.

Let S bea smoothvisible surfacein space;we denotethetangentplaneto the
surfaceat a point p by TpS andits outward unit normalvectorby � p. At each
point p 2 S we canconstructa local coordinateframewith its origin at p, its z-
axisparallelto thenormalvector� p, andits xy-planeparallelto TpS (seeFigure
3.13).Let L bea smoothsurfacethat is irradiatinglight, which we call the light
source. For simplicity, wemayassumethatL is theonly sourceof light in space.
At a point q 2 L , we denotewith TqS and� q thetangentplaneandtheoutward
unit normalof L , respectively, asshown in Figure3.13.
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Figure3.13.Generative model.

The changeof coordinatesbetweenthe local coordinateframe at p and the
cameraframe,which we assumecoincideswith theworld frame,is indicatedby
a rigid-body transformationg; theng mapscoordinatesin the local coordinate
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frameatp into thosein thecameraframe,andany vectoru in thelocalcoordinate
frameto a vectorv = g� (u) in thecameraframe.8

Foreshorteningandsolidangle

Whenconsideringinteractionsbetweena light sourceanda surface,we needto
introducethe notion of foreshorteningand that of solid angle. Foreshortening
encodeshow thelight distributionon a surfacechangesaswe changethesurface
orientationwith respectto thesourceof illumination. In formulas,if dAp is the
areaelementin TpS, andlp is theunit vectorthatindicatesthedirectionfrom p to
q (seeFigure3.13),thenthecorrespondingforeshortenedareaasseenfrom q is

cos(� )dAp ;

where � is the angle betweenthe direction lp and the normal vector � p; i.e.
cos(� ) = h� p; lp i . A solid angleis de�ned to be the areaof a conecut out on
a unit sphere.Then,the in�nitesimal solid angled! q seenfrom a point q of the
in�nitesimal areadAp is

d! q
:=

cos(� )dAp

d(p;q)2 ; (3.27)

whered(p;q) is thedistancebetweenp andq.

Radianceandirr adiance

In radiometry, radianceis de�ned to be the amountof energy emittedalong a
certaindirection, per unit areaperpendicularto the direction of emission(the
foreshorteningeffect),perunit of solid angle,andperunit of time, following the
de�nition in [Sillion, 1994]. Accordingto our notation,if we denotetheradiance
at thepoint q in thedirectionof p by R(q; lp), theenergy emittedby thelight L
ata point q towardp onS is

dE(p; lp) := R(q; lp) cos(� q) dAq d! q dt; (3.28)

wherecos(� q) dAq is the foreshortenedareaof dAq seenfrom the directionof
p, andd! q is the solid anglegiven in equation(3.27),asshown in Figure3.13.
Noticethatthepointp on theleft handsideof theequationaboveandthepoint q
on theright handsidearerelatedby thedirectionlp of thevectorconnectingp to
q.

While theradianceis usedfor energy thatis emitted,thequantitythatdescribes
incomingenergy is calledirr adiance. Theirradianceis de�ned astheamountof
energy receivedalonga certaindirection,perunit areaandperunit time. Notice
thatin thecaseof theirradiance,we do not foreshortenthesurfaceareaasin the
caseof the radiance.Denotethe irradianceat p received in the direction lp by

8We recall from the previous chapterthat, if we representthe changeof coordinatesg with a
rotationmatrixR 2 SO(3) andatranslationvectorT , thentheactionof g onapointp of coordinates
X 2 R3 is givenby g(X )

:
= RX + T , while theactionof g on a vectorof coordinatesu is given

by g� (u)
:
= Ru .
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dI (p; lp). By energy preservation,we have dI (p; lp) dAp dt = dE(p; lp). Then
the radianceR at a point q that illuminatesthe surfacedAp alongthe direction
lp with a solid angled! andtheirradiancedI measuredat thesamesurfacedAp

receivedfrom thisdirectionarerelatedby

dI (p; lp) = R(q; lp) cos(� ) d! ; (3.29)

whered! = cos(� q )
d(p;q)2 dAq is thesolid angleof dAq seenfrom p.

Bidirectionalre�ectancedistribution function

For many commonmaterials,the portion of energy comingfrom a direction lp

that is re�ected onto a directionx p (i.e. the directionof the vantagepoint) by
thesurfaceS, is describedby � (x p; lp), thebidirectionalre�ectancedistribution
function(BRDF).Herebothx p andlp arevectorsexpressedin local coordinates
at p. More precisely, if dR(p;x p; lp) is the radianceemittedin thedirectionx p

from theirradiancedI (p; lp), theBRDF is givenby theratio

� (x p; lp)
:
=

dR(p;x p; lp)
dI (p; lp)

=
dR(p;x p; lp)

R(q; lp) cos(� ) d!
: (3.30)

To obtainthetotal radianceat a point p in theoutgoingdirectionx p, we need
to integrate the BRDF againstall the incoming irradiancedirectionslp in the
hemisphere
 at p:

R(p;x p) =
Z



dR(p;x p; lp) =

Z



� (x p; lp) R(q; lp) cos(� ) d! : (3.31)

Lambertiansurfaces

Theabove modelcanbeconsiderablysimpli�ed if we restrictour attentionto a
classof materials,calledLambertian, thatdo not changeappearancedepending
on the viewing direction.For example,mattesurfacesareto a large extent well
approximatedby theLambertianmodelsincethey diffuselight almostuniformly
in all directions.Metal,mirrorsandothershiny surfaces,howeverdo not.Figure
3.14illustratesa few commonsurfaceproperties.

For a perfectLambertiansurface,its radianceR(p;x p) only dependson how
the surfacefacesthe light source,but not on the directionx p from which it is
viewed.Therefore,� (x p; lp) is actuallyindependentof x p, andwe canthink of
the radiancefunctionasbeing“glued,” or “painted” on thesurfaceS, so thatat
eachpoint p the radianceR dependsonly on the surface.Hence,the perceived
irradiancewill dependonly onwhichpointonthesurfaceis seen,notonin which
directionit is seen.Moreprecisely, for Lambertiansurfaces,wehave

� (x p; lp) = � (p);

where� (p) : R3 7! R+ is a scalarfunction.In this case,we caneasilycompute
thesurfacealbedo� a , which is thepercentageof incidentirradiancere�ected in
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Figure3.14.This �gure demonstratesdifferentsurfacepropertieswidely usedin computer
graphicsto model surfacesof natural objects:Lambertian,diffuse, re�ective, specular
(highlight), transparentwith refraction,and textured.Only the (wood textured)pyramid
exhibitsLambertianre�ection. Theblueball is partlyambient,diffuse,re�ectiveandspec-
ular. Thecheckerboard�oor is partlyambient,diffuseandre�ective.Theglassball is both
re�ectiveandrefractive.

any direction,as

� a(p) =
Z



� (x p; lp) cos(� p) d! p = � (p)

Z 2�

0

Z �
2

0
cos(� p) sin(� p) d� p d� p

= � � (p);

whered! p, asshown in Figure3.13,is thein�nitesimal solidanglein theoutgoing
direction,which can be parameterizedby the spaceangles(� p; � p) as d! p =
sin(� p)d� pd� p. Hencetheradiancefrom thepointp onaLambertiansurfaceS is

R(p) =
Z




1
�

� a(p) R(q; lp) cos(� ) d! : (3.32)

This equationis known asLambertian'scosinelaw. Therefore,for a Lambertian
surface,the radianceR dependsonly on thesurfaceS, describedby its generic
pointp, andon thelight sourceL , describedby its radianceR(q; lp).

Image intensityfor a Lambertiansurface

In orderto expressthedirectionx p in thecameraframe,we considerthechange
of coordinatesfrom thelocalcoordinateframeat thepointp to thecameraframe:
X (p) := g(0) andx � g� (x p), wherewe notethatg� is a rotation.9 Thereader
shouldbe aware that the transformationg itself dependson local shapeof the

9The symbol � indicatesequivalenceup to a scalarfactor. Strictly speaking,x andg� (x p )
do not representthesamevector, but only thesamedirection(they have oppositesignanddifferent
lengths).To obtaina rigorousexpression,wewould have to write x = � (� g� (x p )) . However, these
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surfaceat p, in particularits tangentplaneTpS andits normal� p at thepoint p.
We now canrewrite theexpression(3.31)for theradiancein termsof thecamera
coordinatesandobtain

R(X ) := R(p;g� 1
� (x )) ; where x = � (X ): (3.33)

If thesurfaceis Lambertian,theaboveexpressionsimpli�es to

R(X ) = R(p): (3.34)

Supposethatour imagingsensoris well modeledby athin lens.Then,by mea-
suring the amountof energy received along the direction x , the irradiance(or
imageintensity)I at x canbe expressedasa function of the radiancefrom the
pointp:

I (x ) = R(X )
�
4

�
d
f

� 2

cos4(� ); (3.35)

whered is thelensdiameter, f is thefocal length,and� is theanglebetweenthe
opticalaxis(i.e. thez-axis)andtheimagepoint x , asshown in Figure3.13.The
quantity d

f is calledtheF-numberof thelens.A detailedderivationof theabove
formulacanbe found in [Horn, 1986] (page208).For a Lambertiansurface,we
have

I (x ) = R(X )
�
4

�
d
f

� 2

cos4(� ) = R(p)
�
4

�
d
f

� 2

cos4(� )

=
1
4

�
d
f

� 2

cos4(� )
Z



� a(p) R(q; lp) cos(� ) d! ;

wherex is theimageof thepointp takenat thevantagepointg. Noticethatin the
above expression,only theangle� dependson thevantagepoint. In general,for
a thin lenswith a small �eld of view, � is approximatelyconstant.Therefore,in
our idealpin-holemodel,wemayassumethattheimageintensity(i.e. irradiance)
is relatedto thesurfaceradianceby theirr adianceequation:

I (x ) = 
 R(p); (3.36)

where
 := �
4

�
d
f

� 2
cos4(� ) is aconstantfactorthatis independentof thevantage

point.
In all subsequentchapterswe will adoptthis simplemodel.The fact that the

irradianceI doesnotchangewith thevantagepoint for Lambertiansurfacescon-
stitutesa fundamentalcondition that allows to establishcorrespondenceacross
multiple imagesof the sameobject.This conditionandits implicationswill be
studiedin moredetail in thenext chapter.

two vectorsdo representthesameray throughthecameracenter, andthereforewe will regardthem
asthesame.
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3.B Imageformationin thelanguageof projective
geometry

Theperspectivepinholecameramodeldescribedby (3.18)or (3.19)hasretained
the physicalmeaningof all parametersinvolved. In particular, the last entry of
bothx 0andX isnormalizedto 1sothattheotherentriesmaycorrespondtoactual
2-D and3-D coordinates(with respectto the metric unit chosenfor respective
coordinateframes).However, sucha normalizationis not always necessaryas
longasweknow thatit is thedirectionof thosehomogeneousvectorsthatmatters.
For instance,thetwo vectors

[X ; Y; Z; 1]T ; [X W; YW; Z W; W ]T 2 R4 (3.37)

canbeusedto representthesamepoint in R3. Similarly, we canuse[x0; y0; z0]T

to representa point [x; y; 1]T on the2-D imageplaneaslong asx0=z0 = x and
y0=z0 = y. However, we may run into trouble if the last entry W or z0 hap-
pensto be0. To resolve this problem,we needto generalizetheinterpretationof
homogeneouscoordinatesintroducedin thepreviouschapter.

De�nition 3.4 (Projective spaceand its homogeneouscoordinates). An n-
dimensionalprojectivespacePn is thesetof one-dimensionalsubspaces(i.e. lines
throughtheorigin) of thevectorspaceRn +1 . A pointp in Pn canthenbeassigned
homogeneouscoordinatesX = [x1; x2; : : : ; xn +1 ]T amongwhich at leastonex i

is nonzero.For anynonzero � 2 R thecoordinatesY = [�x 1; �x 2; : : : ; �x n +1 ]T

representthesamepoint p in Pn . We saythat X andY are equivalent,denoted
byX � Y .

Example 3.5 (Topological models for the projective spaceP2). Figure 3.15 demon-
stratestwo equivalentgeometricinterpretationsof the2-D projective spaceP2 . According
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to thede�nition, it is simply a family of 1-D linesf Lg in R3 througha point o (typically
chosento betheorigin of thecoordinateframe).Hence,P2 canbeviewedasa2-D sphere
S2 with any pair of antipodalpoints(e.g.,p andp0 in the�gure) identi�ed asonepoint in
P2 . On the right-handsideof Figure3.15,lines throughthe centero in generalintersect
with theplanef z = 1g atauniquepointexceptwhenthey lie ontheplanef z = 0g. Lines
in theplanef z = 0g simply form the1-D projective spaceP1 (which is in facta circle).
Hence,P2 canbe viewed asa 2-D planeR2 (i.e. f z = 1g) with a circle P1 attached.If
we adopttheview that lines in theplanef z = 0g intersecttheplanef z = 1g in�nitely
far, this circle P1 thenrepresentsa line at in�nity . Homogeneouscoordinatesfor a point
on thiscircle thentake theform [x; y; 0]T ; on theotherhand,all regularpointsin R2 have
coordinates[x; y; 1]T . In general,any projective spacePn canbe visualizedin a similar
way: P3 is thenR3 with a planeP2 attachedat in�nity; andPn is Rn with Pn � 1 attached
at in�nity , which is, however, harderto illustrateona pieceof paper.

Using this de�nition, Rn with its homogeneousrepresentationcan then be
identi�ed asa subsetof Pn that includesexactly thosepointswith coordinates
X = [x1; x2; : : : ; xn +1 ]T where xn +1 6= 0. Therefore,we can always nor-
malize the last entry to 1 by dividing X by xn +1 if we so wish. Then, in the
pinholecameramodeldescribedby (3.18)or (3.19), � x 0 andx 0 now represent
the sameprojective point in P2 andthereforethe same2-D point in the image
plane.Supposethattheprojectionmatrix is

� = K � 0g = [K R; K T] 2 R3� 4: (3.38)

Thenthecameramodelsimply reducesto a projectionfrom a three-dimensional
projectivespaceP3 to a two-dimensionalprojectivespaceP2,

� : P3 ! P2; X 0 7! x 0 � � X 0; (3.39)

where� is omittedhere,sincetheequivalence“ � ” is de�ned in thehomogeneous
sense,i.e.up to a non-zeroscalarfactor.

Intuitively, theremainingpointsin P3 with thefourthcoordinatex4 = 0 canbe
interpretedaspointsthatare“in�nitely farawayfrom theorigin.” Thisis because,
for a very small value� , if we normalizethe last entryof X = [X ; Y; Z; � ]T to
1, it givesriseto a point in R3 with 3-D coordinatesX = [X=�; Y=�; Z=�]T . The
smallerj� j is, thefartheraway is thepoint from theorigin. In fact,all pointswith
coordinates[X ; Y; Z; 0]T form atwo-dimensionalplanedescribedby theequation
[0; 0; 0; 1]T X = 0.10 Thisplaneis calledplaneat in�nity . We usuallydenotethis
planeby P1 . Thatis,

P1
:= P3 n R3 (= P2):

Then the above imaging model (3.39) is well-de�ned on the entire projective
spaceP3 includingpointsin thisplaneatin�nity . Thisslightgeneralizationallows
usto talk aboutimagesof pointsthatarein�nitely faraway from thecamera.

10It is two-dimensionalbecauseX ; Y; Z arenot totally free: the coordinatesaredeterminedonly
up to ascalarfactor.
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Example 3.6 (Image of points at in�nity and “v anishing points”). Two parallel lines
in R3 do not intersect.However, we canview themasintersectingat in�nity . Let V =
[V1 ; V2 ; V3 ; 0]T 2 R4 bea (homogeneous)vectorindicatingthedirectionof two parallel
lines L 1 , L 2 . Let X 1

o = [X 1
o ; Y 1

o ; Z 1
o ; 1]T and X 2

o = [X 2
o ; Y 2

o ; Z 2
o ; 1]T be two base

pointsonthetwo lines,respectively. Then(homogeneous)coordinatesof pointsonL 1 can
beexpressedas

X 1 = X 1
o + � V ; � 2 R;

and similarly for points on L 2 . Then the two lines can be viewed as intersectingat a
point at in�nity with coordinatesV . The“image” of this intersection,traditionallycalled
a vanishingpoint, is simply givenby

x 0 � � V :

This can be shown by consideringimagesof points on the lines and letting � ! 1
asymptotically. If theimagesof thesetwo linesaregiven,theimageof this intersectioncan
beeasilycomputedor measured.Figure3.16shows theintersectionof imagesof parallel
linesat thevanishingpoint,aconceptwell known to Renaissanceartists.

Figure3.16.“The Schoolof Athens” by Raphael(1518),a �ne exampleof architectural
perspective with a centralvanishingpoint, markingthe endof the classicalRenaissance
(courtesyof C. Taylor).

Example 3.7 (Image “outside” the image plane). Considerthe standardperspective
projectionof a pair of parallel lines asin the previous example.We further assumethat
they arealsoparallelto theimageplane,i.e. thexy -plane.In this case,wehave

� = � 0 = [I ; 0] and V = [V1 ; V2 ; 0; 0]T :

Hence,the“image” of theintersectionis givenin homogeneouscoordinatesas

x 0 = [V1 ; V2 ; 0]T :
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This doesnot correspondto any physicalpoint on the 2-D imageplane(whosepoints
supposedlyhavehomogeneouscoordinatesof theform [x; y; 1]T ). It is, in fact,avanishing
pointatin�nity . Nevertheless,wecanstill treatit asavalid imagepoint.Onewayis to view
it astheimageof apointwith zerodepth(i.e.with thez-coordinatezero).Sucha problem
will automaticallygo away if we choosetheimagingsurfaceto beanentiresphererather
thana �at plane.This is illustratedin Figure3.17.

image planeimage sphere
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Furtherreadings

Deviationsfromthepinholemodel

As we mentionedearlierin this chapter, theanalyticalstudyof pinholeperspec-
tive imagingdatesbackto theRenaissance.Nevertheless,thepinholeperspective
modelis a ratheridealapproximationto actualCCD photosensorsor �lm-based
cameras.Before the pinhole model can be appliedto suchcameras,a correc-
tion is typically neededto convert them to an exact perspective device; see
[Branket al., 1993] andreferencestherein.

In general,the pinholeperspective model is not adequatefor modelingcom-
plex opticalsystemsthatinvolveazoomlensor multiple lenses.For asystematic
introductionto photographicopticsand lens systems,we recommendthe clas-
sic books[Stroebel,1999, BornandWolf, 1999]. For a moredetailedaccountof
modelsfor a zoomlens,thereadermayreferto [Horn, 1986, Lavestet al., 1993]
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and referencestherein. Other approachessuch as using a two-plane model
[Wei andMa, 1991] have alsobeenproposedto overcomethe limitations of the
pinholemodel.

Othersimplecamera models

In thecomputervision literature,besidesthepinholeperspectivemodel,thereex-
ist many othertypesof simplecameramodelsthat areoften usedfor modeling
variousimagingsystemsunderdifferentpracticalconditions.This bookwill not
cover thesecases.Theinterestedreadermayreferto [TomasiandKanade,1992]
for thestudyof theorthographicprojection,to [Ohtaetal., 1981, Aloimonos,1990,
PoelmanandKanade,1997, Basri,1996] for thestudyof theparaperspectivepro-
jection, to [KonderinkandvanDoorn,1991, MundyandZisserman,1992], and
[QuanandKanade,1996] for the study of the af�ne cameramodel, and to
[GeyerandDaniilidis, 2001] andreferencesthereinfor catadioptricmodelsoften
usedfor omnidirectionalcameras.


