Chapter 3

ImageFormation

Andsincegeometryis theright foundationof all painting, | havede-
cidedto tead its rudimentsand principlesto all youngstes eager
for art...

— AlbrechtDurer, TheArt of Measuement1525

This chaptelintroducessimple mathematicamodelsof theimageformationpro-
cessln abroad gurative senseyisionis theinverseproblemof imageformation:
thelatterstudieshow objectsgive riseto imageswhile theformerattemptdo use
imagesto recover a descriptionof objectsin space Therefore designingvision
algorithmsrequires rst developinga suitablemodel of imageformation. Suit-
able,in this contet, doesnot necessarilyneanphysicallyaccuratethe level of
abstractiorandcompleity in modelingimageformationmusttradeoff physical
constrainteandmathematicasimplicity in orderto resultin amanageablenodel
(i.e. onethat canbe invertedwith reasonableffort). Physicalmodelsof image
formation easily exceedthe level of compleity necessaryand appropriatefor
this book, and determiningthe right modelfor the problemat handis a form of
engineeringart.

It comesasno surprise then,that the study of imageformation hasfor cen-
turiesbeenin the domainof artisticreproductiorandcompositionmoresothan
of mathematicsand engineering.Rudimentaryunderstandingf the geometry
of image formation, which includesvarious modelsfor projecting the three-
dimensionalworld onto a plane(e.g.,a carvas),is implicit in variousforms of
visual arts. The roots of formulating the geometryof image formation can be
tracedbackto thework of Euclidin thefourth centuryB.C.. Examplesof partially
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correctperspectie projectionarevisible in the frescoesandmosaicsof Pompeii
(Figure3.1) from the rst centuryB.C.. Unfortunately theseskills seemto have
beenlostwith thefall of the Romanempire,andit took over athousandsearsfor
correctperspectie projectionto emegein paintingsagainin the late fourteenth
century It wasthe early Renaissancpainterswho developedsystematianeth-
odsfor determiningthe perspectie projectionof three-dimensiondandscapes.
The rst treatiseon perspectie, Della Pictura, was publishedby Leon Battista
Alberti, who emphasizedhe “eye's view” of the world capturingcorrectly the
geometryof the projectionprocesslt is no coincidencethat early attemptsto
formalizetherulesof perspeciie camefrom artistspro cient in architectureand
engineeringsuchasAlberti andBrunelleschiGeometryhowever, is only a part

Figure 3.1. Frescoedrom the rst centuryB.C. in Pompeii.Partially correctperspectie
projectionis visible in the paintings,althoughnotall parallellinesconverge to the vanish-
ing point. The skill waslost during the middle ages,andit did not reappeain paintings
until the Renaissancémagecourtesyof C. Taylor).

of theimageformationprocessin orderto obtainanimage,we needto decide
notonly whereto draw a point, but alsowhatbrightnesssalueto assigrto it. The
interactionof light with matteris at the coreof the studiesof LeonardoDa Vinci
in the 1500s,and his insightson perspectie, shading,color, and even stereop-
sisarevibrantly expressedn his notes.RenaissancpainterssuchasCarasaggio
andRaphaekxhibitedrathersophisticatedkills in renderingight andcolor that
remaincompellingto this day:*

In this book, we restrictour attentionto the geometryof the sceneandthere-
fore, we needa simple geometricmodel of imageformation, which we derive

1Thereis someevidencethat suggestghat someRenaissancartists secretlyusedcamera-lile
devices(camen obscun) [Hockney, 2001.
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in this chapter More complex photometricmodelsare beyond the scopeof this
book;in thenext two sectionsaswell asin Appendix3.A attheendof this chap-
ter, we will review someof thebasicnotionsof radiometrysothatthereadercan
betterevaluatethe assumptiondy which we areableto reduceimageformation
to apurelygeometrigrocess.

3.1 Representationf images

An image, asfar asthis bookis concerneds atwo-dimensionabrightnessrray?
In otherwords,it isamapl , de ned onacompactegion of atwo-dimensional
surface,taking valuesin the positive real numbersFor instancejn the caseof a
camera, Iis aplanar rectangularegion occupiedby the photographianedium
or by theCCD sensarSol is afunction

| : R21 Rs; (xy) 7' I(xy): (3.1)

Suchanimage (function) canbe representedor instance usingthe graphof |
asin theexamplein Figure3.2.1n the caseof adigital image,boththe domain
andtherangeR. arediscretizedForinstance, = [1;640] [1;480] Z?2,and
R. is approximatedy aninterval of integers[0; 255] Z. . Suchanimagecan
berepresentefly anarrayof numbersasin Table3.1.
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Figure3.2.An imagel representedsatwo-dimensionakurface thegraphof | .

The valuesof the imagel dependupon physicalpropertiesof the scenebeing
viewed, suchasits shapejts materialre ectancepropertiesandthe distribution
of the light sourcesDespitethe factthat Figure 3.2 and Table 3.1 do not seem
very indicative of the propertiesof the scenethey portray this is how they are
representedh a computer A differentrepresentationf the sameimagethatis

2|f it is acolorimage,its RGB (red,green blue)valuesrepresenthreesucharrays.



188 186 188 187 168 130 101 99
189 189 188 181 163 135 109 104
190 190 188 176 159 139 115 106
190 188 188 175 158 139 114 103

8 110 99

185 178 171 138 109 110 114 110
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110 113 112 107
113 113 110 109
114 123 114 111
113 126 112 113
112 119 107 115

2119 117 118 106

124 120 122 109
125 123 125 112
119 122 126 113
114 118 125 113
113 112 123 114
112 108 122 115
109 106 122 116
107 113 125 133
105 109 123 132
107 105 120 132
113 105 119 130
112 107 119 128
108 104 116 125
109 97 110 121

153 156
152 156

156 153
160 156
156 151
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Table3.1.Theimagel representedsatwo-dimensionamatrix of integers(subsampled).

bettersuitedfor interpretatiorby the humanvisual systemis obtainedby gener
atingapicture. A picturecanbethoughtof asa scenddifferentfrom thetrue one
that produceson the imagingsensoi(the eye in this case)the sameimageasthe
trueone.In this sensepicturesare“controlledillusions”; they arescenedglifferent
from the true ones(they are at), that producein the eye the sameimageasthe
original scenesA pictureof thesameimagel describedn Figure3.2andTable
3.1lis shawn in Figure3.3. Althoughthe latter seemanoreinformativeasto the
contentof the scenejt is merelya differentrepresentatiomndcontainsexactly

the sameinformation.
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Figure3.3. A “picture” of theimagel (comparewith Figure3.2andTable3.1).

3.2 Lenseslight, andbasicphotometry

In orderto describethe imageformation processwe mustspecify the value of
. Suchavaluel (x; y) is typically calledimage

| (x;y) ateachpoint (x; y) in
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intensity or brightness or more formally irradiance It hasthe units of power

per unit area(W/m?) anddescribeghe enegy falling onto a small patchof the
imagingsensarTheirradianceatapointof coordinategx; y) is obtaineday inte-

gratingenegy bothin time (e.g.,theshutterintervalin acamerapr theintegration
timein aCCD array)andin aregionof spaceTheregion of spacehatcontritutes
to theirradianceat (x; y) dependsiponthe shapeof the object(surface)of inter-

est,the opticsof theimagingdevice, andit is by no meanstrivial to determine.
In Appendix3.A attheendof this chapterwe discusssomecommonsimplifying

assumptionso approximatet.

3.2.1 Imagingthroughlenses

A camera(or in generalan optical system)is composef a setof lensesused
to “direct” light. By directinglight we meana controlledchangen the direction
of propagationwhich canbe performedby meansof diffraction, refraction,and
re ection. For the sale of simplicity, we neglect the effects of diffraction and
re ection in alenssystemandwe consideronly refraction.Evenso,acomplete
descriptiorof thefunctioningof a (purelyrefractive) lensis well beyondthescope
of thisbook.Thereforewewill consideronly thesimplestpossiblenodel,thatof
athin lens For amoregermanemodelof light propagationthe interestedeader
is referredto the classictextbook [Born andWolf, 1999.

A thin lens(Figure3.4)is amathematicaimodelde ned by anaxis,calledthe
optical axis anda planeperpendiculato the axis, calledthe focal plang with
acircularaperturecenteredat the optical center i.e. the intersectiorof the focal
planewith theopticalaxis.Thethin lenshastwo parametersdts focallengthf and
its diameterd. Its functionis characterizethy two propertiesThe rst propertyis
thatall raysenteringtheaperturgarallelto theopticalaxisintersecontheoptical
axis at a distancef from the optical center The point of intersectionis called
the focusof the lens (Figure 3.4). The secondpropertyis that all raysthrough
the optical centerareunde ected.Considera pointp 2 E2 not too far from the
optical axis at a distanceZ alongthe optical axis from the optical center Now
draw two raysfrom the point p: oneparallelto the optical axis,andonethrough
theopticalcenter(Figure3.4).The rst oneintersectsheopticalaxisatthefocus,
thesecondremainsunde ected(by the de ning propertiesof thethin lens).Call
x the pointwherethetwo raysintersectandlet z beits distancefrom the optical
center By decomposingry otherray from p into acomponentay parallelto the
opticalaxisandonethroughthe optical center we canarguethatall raysfrom p
intersectatx ontheoppositesideof thelens.In particular aray from x parallel
to the optical axis, mustgo throughp. Using similar triangles,from Figure 3.4,
we obtainthefollowing fundamentaéquationof the thin lens

+

N| R

1
=

N|
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Figure3.4.Theimageof thepointp is thepointx attheintersectiorof raysgoingparallel
to the opticalaxisandtheray throughthe optical center

Thepointx will becalledtheimage® of thepointp. Thereforeundertheassump-
tion of a thin lens,theirradiancel (x) atthe pointx with coordinategx; y) on
theimageplaneis obtainedby integratingall the enegy emittedfrom theregion
of spacecontainedin the conedeterminedby the geometryof the lens,aswe
describdan Appendix3.A.

3.2.2 Imagingthrougha pinhole

If we let the apertureof a thin lensdecreasédo zero, all rays are forcedto go
throughtheopticalcentero, andthereforehey remainunde ected.Consequently
the apertureof the conedecreaseto zero,andthe only pointsthat contritute to
theirradianceattheimagepointx = [x; y]T areonaline throughthe centero of
thelens.If apointp hascoordinateX = [X;Y;Z]" relatveto areferencdrame
centeredatthe opticalcentero, with its z-axisbeingthe opticalaxis (of thelens),
thenit isimmediateto seefrom similartrianglesin Figure3.5thatthecoordinates
of p andits imagex arerelatedby theso-calleddeal perspectiveprojection

X Y
X = ff’ y = fz, (3.2
wheref is referredto as the focal length Sometimeswe simply write the
projectionasamap :

‘R31R% X T x: (3.3)

Wealsooftenwritex = (X ). Notethatary otherpointontheline throughoand
p projectsonto the samecoordinatesx = [x; y]". Thisimagingmodelis called
anideal pinholecamern model.It is anidealizationof the thin lensmodel,since

SHeretheword “image” is to be distinguishedrom theirradianceimagel (x ) introducedbefore.
Whether‘image” indicatesx or | (x) will bemadeclearby thecontext.
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X/\
image plane

Figure3.5.Pinholeimagingmodel: Theimageof the point p is the pointx attheintersec-
tion of theray goingthroughthe optical centero andanimageplaneat a distancef away
from the opticalcenter

whenthe aperturedecreasediffraction effectsbecomedominant,andtherefore
the (purelyrefractive) thin lensmodeldoesnot hold [Born andWolf, 1999. Fur-
thermore,asthe aperturedecrease$o zero, the enegy going throughthe lens
alsobecomegero.Althoughit is possibleto actuallybuild devicesthatapproxi-
matepinholecamerasfrom our perspectie the pinholemodelwill bejustagood
geometricapproximatiorof awell-focusedmagingsystem.

Noticethatthereis anegative signin eachof theformulae(3.2). Thismakesthe
imageof anobjectappearto be upsidedown on the imageplane(or theretina).
To eliminatethis effect, we cansimply ip theimage:(x;y) 7! ( X; y). This
correspondso placingtheimageplanefz =  f g in front of the optical center
instead z = +f g. In thisbookwe will adoptthis morecorvenient‘frontal” pin-
hole cameramodel, illustratedin Figure3.6.In this casetheimagex = [x;y]"
of thepointp is givenby

X Y
x-ff, y—fz. (3.4)

We often use the samesymbol, x, to denotethe homogeneousepresentation
[f X=Z;f Y=Z;1]" 2 R3, aslong asthedimensioris clearfrom the context.*

In practice thesizeof theimageplaneis usuallylimited, hencenotevery point
p in spacewill generatanimagex insidetheimageplane.We de ne the eld of
view (FOV) to be the anglesubtendedby the spatialextent of the sensorasseen
fromtheopticalcenterlf 2r is thelargestspatialextensionof thesensore.g.,the

4In the homogeneousepresentatiorit is only the directionof the vectorx thatis important.|t

is not crucial to normalizethe lastentry to 1 (seeAppendix3.B). In fact,x canbe representedy

X for ary nonzero 2 R aslong aswe remembethatary suchvectoruniquelydetermineghe
intersectiorof theimageray andtheactualimageplane,in thiscasef Z = f g.
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Figure3.6.Frontalpinholeimagingmodel:theimageof a 3-D pointp is thepointx atthe
intersectiorof theray goingthroughthe optical centero andtheimageplaneatadistance
f in front of theopticalcenter

sideof theCCD),thenthe eld of viewis = 2arctan(r=f). Noticethatif a at
planeis usedastheimageplane theangle is alwayslessthan180 .°

In Appendix3.A we give a concisedescriptionof a simpli ed modelto de-
terminethe intensity value of the imageat the positionx, | (x). This depends
upontheambientlight distribution, the materialpropertiesof thevisible surfaces
and, their geometry Therewe also shav underwhat conditionsthis modelcan
bereducedo a purely geometricone,wherethe intensitymeasuredt a pixel is
identicalto the amountof enepgy radiatedat the correspondingoint in space,
independentf the vantagepoint, e.g.,a Lambertiansurface.Underthesecondi-
tions,theimageformationprocessanbereducedo tracingraysfrom surfacesn
spaceo pointson theimageplane.How to do sois explainedin the next section.

3.3 A geometriomodelof imageformation

As we have mentionedin the previous sectionand we elaboratefurtherin Ap-

pendix3.A, underthe assumption®f a pinhole cameramodeland Lambertian
surfacespnecanessentiallyeduceheprocesof imageformationto tracingrays
from pointson objectsto pixels. Thatis, knowing which pointin spaceprojects
ontowhich pointon theimageplaneallows oneto directly associatéheradiance
atthepointto theirradianceof its image;seeequation(3.36)in Appendix3.A. In

orderto establisha precisecorrespondendeetweemointsin 3-D spacgwith re-

spectto a x edglobalreferencdrame)andtheir projectedmagesn a2-D image
plane(with respecto a local coordinateframe),a mathematicamodelfor this

processnustaccountfor threetypesof transformations:

5In caseof a sphericalor ellipsoidalimaging surface,commonin omnidirectionalcamerasthe
eld of view canoftenexceed180 .
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1. coordinatdransformationbetweerthecamerdrameandtheworld frame;
2. projectionof 3-D coordinate®nto 2-D imagecoordinates;

3. coordinatetransformationbetweenpossiblechoicesof image coordinate
frame.

In this sectionwe will describesucha (simpli ed) imageformationprocessasa
seriesof transformationsf coordinateslnvertingsucha chainof transformations
is generallyreferredto as“cameracalibration’; whichis the subjectof Chapteré
andalsoa key stepto 3-D reconstruction.

3.3.1 Anideal perspectivecamen

Let us considera genericpoint p, with coordinatesX ¢ = [Xo; Yo;Zo]" 2 R®
relative to the world referenceéframe® As we know from Chapter2, the coordi-
natesX = [X;Y;Z]" of thesamepointp relative to the cameraramearegiven
by arigid-bodytransformatiorg = (R; T) of X ¢:

X =RXo+ T 2R%:

Adopting the frontal pinhole cameramodel introducedin the previous section
(Figure 3.6), we seethat the point X is projectedonto the image planeat the
point

x _f X
y ZY
In homogeneousoordinatesthis relationshipcanbewritten as
23 2 3 2)(3
X f 0 00O v
Z4y5=40 f 0 05522: (3.5)
1 0 010
1
We canrewrite theabove equatiorequivalentlyas
2 3
f 00O
Zx=40 f 0 09X; (3.6)
0 010

whereX = [X:Y;Z;1]" andx = [x;y; 1]" arenow in homogeneousepresen-
tation. Sincethe coordinateZ (or the depthof the point p) is usuallyunknown,
we may simply write it asanarbitrarypositve scalar 2 R. . Noticethatin the

5We oftenindicatewith X ¢ thecoordinate®f the pointrelative to theinitial positionof amaving
camerdrame.
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above equationwe candecompos¢he matrix into

2 3 2 32 3
f 00O f 00 1000
40 f 0 05=40 f 0540 1 0 05:
0010 001 0010
De ne two matrices
2 2 3
o f 00 1000
Ki=40 f 002R33 (240 1 0 092R® 4 (3.7)
0 01 0010

The matrix ¢ is often referredto asthe standad (or “canonical”) projection
matrix. Fromthe coordinateransformatiorwe havefor X = [X;Y;Z;1]",

2 3 2 3
X 2 3 X
Y R T Y,
§ Z=4 5§ OZ: (3.8)
Z 1 Zo
1 1

To summarize using the above notation,the overall geometricmodelfor an
ideal camer canbedescribedas

23 2 32 32 32x03
X f 00 1 0O0O0 R T N
4y5=40 f 0540 1 0 054 5§ZOZ,
1 001 0010 O 1 10
or in matrix form,
X = K¢ oX = K¢ ogX 0. (3.9)

If the focal lengthf is known and hencecan be normalizedto 1, this model
reducegto a Euclideantransformationg followed by a standardprojection g,
ie.

‘ X= oX = o0Xo: (310)

3.3.2 Cameanwith intrinsic parametes

Theidealmodelof equation(3.9) is speci edrelative to a very particularchoice
of referencerame, the “canonicalretinal frame’ centeredat the optical center
with oneaxisalignedwith the opticalaxis.In practice whenonecapturesmages
with a digital camerathe measurementare obtainedin termsof pixels (i; j ),
with the origin of the imagecoordinateframetypically in the upperleft corner
of theimage.In orderto renderthe model (3.9) usable we needto specifythe
relationshipbetweertheretinal planecoordinateframeandthe pixel array

The rst stepconsistsn specifyingtheunitsalongthe x- andy-axes:if (x; y)
arespeci ed in termsof metric units (e.g., millimeters),and(Xs;ys) arescaled
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versionsthatcorrespondo coordinatef the pixel, thenthe transformatiorcan
be describedy a scalingmatrix

Xs _ Sx 0 x

Ys 0 sy y (3.11)
thatdepend®n thesizeof thepixel (in metricunits)alongthex andy directions
(Figure3.7).Whens, = sy, eachpixelis squareln generalthey canbedifferent,
andthenthe pixel is rectangularHowever, herexs andys arestill speci edrela-
tive to the principal point (wherethe z-axisintersectshe imageplane),whereas
the pixel index (i; j ) is corventionallyspeci ed relative to the upperleft corner
andis indicatedby positive numbersThereforewe needto translateheorigin of
thereferencdrameto this corner(asshown in Figure3.7),

X0= Xs + 0;

y0= Ys + Oy;
where (0, ; 0y) arethe coordinateg(in pixels) of the principal point relative to
the image referenceframe. So the actualimage coordinatesare given by the
vectorx® = [x%y%1]" insteadof the ideal imagecoordinatesx = [x;y;1]".
Theabove stepsof coordinateransformatiorcanbewritten in thehomogeneous
representatioas

2 03 2 32 3
X sy 0 o X
XO:' 4y05 =4 0 Sy oy5 4y5 : (312)
1 0O 0 1 1

wherex?andyCareactualimagecoordinatesn pixels. Thisisillustratedin Figure
3.7.In casethe pixels are not rectangulara more generalform of the scaling

X0
(0,0 -

Z | -7

0 %
y° = -
-1 y  normalized coordinates

(Ox:l0yd -+~ Sy

Vs

Sx  pixel coordinates
Figure3.7. Transformatiorfrom normalizedcoordinate$o coordinatesn pixels.

matrix canbeconsidered,

Sy S

2 2.
0 sy 2R 5
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wheres is calledaskew factorandis proportionalto cot( ), where istheangle
betweertheimageaxesxs andys.” Thetransformatiomatrixin (3.12)thentakes
thegeneraform

2 3
. Sx S 0
Ks=40 s, o9°2R?® 3 (3.13)
0 0 1

In mary practicalapplicationdt is commonto assuméhats = 0.

Now, combining the projection model from the previous sectionwith the
scaling and translationyields a more realistic model of a transformationbe-
tweenhomogeneousoordinate®f a 3-D point relative to the cameraframeand
homogeneousoordinate®f its imageexpressedn termsof pixels,

2 3 2 32 32 32)(
x9 sk S o f 00 1000 v

4yB=40 s, 0540 f 0540 1 0 05§77:
1 0O 0 1 0 01 0010 1

Notice thatin the above equation the effect of a real camerais in fact carried
throughtwo stages:

The rst stageis a standardperspectie projectionwith respectto a nor-
malizedcoordinate system(as if the focal lengthweref = 1). Thisis
characterizethy the standardgrojectionmatrix o = [I;0].

Thesecondstages anadditionaltransformatior{on the obtainedmagex)
that dependson parameter®f the camerasuchasthe focal lengthf , the
scalingfactorssy ; Sy, ands , andthe centeroffsetsoy ; oy.

The secondransformatioris obviously characterizedby the combinationof the
two matricesK s andK ¢ :

2 32 3 2
sy S o f 0 0  fs, fs o

K=KK;=40 s, 0540 f 05=40 fs, o5: (3.14)
0 0 1 001 0o o0 1

The couplingof K¢ andK; allows us to write the projectionequationin the
following way

5 32,3
fsxfsoxloooY

x%=K oXx =40 fs, 0540 1 0 OSEZZ: (3.15)
0 0 1 0010

1

The constant3 4 matrix o representshe perspectie projection.The upper
triangular3 3 matrixK collectsall parameterthatare“intrinsic” to aparticular
cameraandis thereforecalledthe intrinsic parametermatrix, or the calibration

"Typically, theangle is verycloseto 90 , andhences is very closeto zero.
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matrix of the cameraThe entriesof the matrix K have the following geometric
interpretation;

0y : X-coordinateof the principalpointin pixels,

oy : y-coordinateof the principalpointin pixels,

fsyx = «:sizeof unitlengthin horizontalpixels,

fsy, = y:sizeof unitlengthin verticalpixels,
x= y:aspectatio |,

f s : skew of the pixel, oftencloseto zero.

Notethatthe heightof thepixelis not necessarilydenticalto its width unlessthe
aspectatio isequalto 1.

Whenthe calibrationmatrix K is known, the calibratedcoordinatex canbe
obtainedrom the pixel coordinates ° by a simpleinversionof K :

2
2 3
1000 )é
x=K ™% X =40 10 OSEZZ: (3.16)
0010 7

Theinformationaboutthe matrix K canbeobtainedthroughthe procesof cam-
eracalibrationto be describedn Chapter6. With the effect of K compensated
for, equation(3.16),expressedn the normalizedcoordinatesystem corresponds
to the ideal pinhole cameramodelwith the imageplanelocatedin front of the
centerof projectionandthefocal lengthf equalto 1.

To summarize,the geometricrelationship betweena point of coordinates
X o = [Xo;Yo;Zo;1]" relative to the world frameandits correspondingmage
coordinatex®= [x%y% 1]" (in pixels)depend®ntherigid-bodymotion(R; T)
betweerthe world frameandthe cameradrame(sometimegeferredto asthe ex-
trinsic calibration parametes), anideal projection (, andthe cameraintrinsic
parametersk . The overall modelfor imageformationis thereforecapturedby
thefollowing equation:

2 3 2 32 32 32)(03
x9 fsy, fs o 1 0 0 0 R T Y
4y%5 =40 fs, 0540 1 0 054 5%202;
1 0O 0 1 0010 0 1 10
In matrix form, we write
x%= K oX = K ogXo; (3.17)
or equialently,
x%= K oX = [KR;KT]Xo: (3.18)

Often,for corveniencewecallthe3 4 matrixK 9= [KR;K T]a(general)
projectionmatrix , to bedistinguishedrom the standardorojectionmatrix g.
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Hence theabove equationcanbe simply written as

| x°= Xo=K ogXo (3.19)

Comparedo theidealcameramodel(3.10),the only changehereis the standard
projectionmatrix ¢ beingreplacedoy agenerabne

At this stage,n orderto explicitly seethe nonlinearnatureof the perspectie
projectionequationwe candivide equation(3.19)by the scale andobtainthe
following expressiongor theimagecoordinategx® y% z9,

T T
0_— 1XO. 0_ ZXO.

%= 1; (3.20)

iXo' IXo'
where |; T, I 2 R*arethethreerows of the projectionmatrix

Example 3.1 (Spherical perspective projection). Theperspectie pinholecameramodel
outlinedabove considersplanarimaging surfaces.An alternatve imaging surfacethatis
alsocommonlyusedis that of a sphereshavn in Figure3.8. This choiceis partly moti-

P

image sphere

Figure3.8.Sphericaperspectie projectionmodel:theimageof a 3-D pointp is the point
x attheintersectiorof theray goingthroughthe optical centero anda sphereof radiusr
aroundthe opticalcenter Typically r is choserto be 1.

vatedby retinashape®ftenencountereth biologicalsystemskFor sphericaprojectionwe
simply choosethe imagingsurfaceto betheunit sphereS> = p2 R®j kX (p)k= 1 .
Then,thesphericaprojectionis de ned by themap s from R® to $?:

X
.p3 . |y = .
s RIS X 7 x K-
As in the caseof planarperspectie projection.therelationshipbetweerpixel coordinates
of apointandtheir 3-D metriccounterpartanbe expressedis

x%= K oX = K ogX o; (3.21)

wherethescaleis givenby = P X2+ Y2+ Z2inthecaseof sphericajprojectionwhile

= Z inthecaseof planarprojection.Thereforemathematicallysphericabrojectionand
planarprojectioncanbedescribedy the samesetof equationsTheonly differenceis that
theunknawvn (depth)scale takesdifferentvalues. ™



58 Chapter3. ImageFormation

For corveniencewe oftenwrite x 'y for two (homogeneousjectorsx and
y equalup to ascalarfactor(seeAppendix3.B for moredetail). Fromthe above
example ,we seethatfor any perspectie projectionwe have

x0 Xo=K 09X o; (3.22)

andthe shapeof theimaging surfacechosendoespot matter The imaging sur

facecanbeary (regular)surfaceaslong asary ray op intersectswith the surface
at one point at most. For example,an entire classof ellipsoidal surfacescanbe
used,which leadsto the so-calledcatadioptric modelpopularin mary omnidi-

rectionalcamerasin principle,all imageshusobtainedcontainexactly thesame
information.

3.3.3 Radialdistortion

In additionto linear distortionsdescribedby the parametersn K, if a camera
with a wide eld of view is used,one can often obsene signi cant distortion
alongradialdirections.The simplesteffective modelfor sucha distortionis:

X = Xg(L+ air? + ar?);
y = ya(l+ ar? + ar?);

where(Xq; Yq) arecoordinatesf the distortedpoints,r? = x3 + y3 anday; a,
are additional cameraparameterghat model the amountof distortion. Several
algorithmsandsoftwarepackagesgreavailablefor compensatingadialdistortion
via calibrationproceduresin particular a commonlyusedapproachis that of
[Tsai, 19864, if acalibrationrig is available(seeChapter6 for moredetails).

In casethe calibration rig is not available, the radial distortion param-
eters can be estimateddirectly from images. A simple method suggested
by [DevernayandFaugeras1999 assumesa more general model of radial
distortion:

x = c+f(r)(xqa o©),;
f(r) = 1+ air+ a2+ agrd+ asr?;
where xq = [Xq;Yq]" are the distortedimage coordinatesr? = kxg

ck?, ¢ = [cx;¢]" is the centerof the distortion, not necessarilycoincident
with the centerof the image,andf (r) is the distortion correctionfactor The
method assumesa set of straightlines in the world and computesthe best
parametersof the radial distortion model which would transformthe curved
imagesof the lines into straight sggments.One can use this model to trans-
form Figure 3.9 (left) into 3.9 (right) via preprocessinglgorithmsdescribedn
[DevernayandFaugeras1995. Therefore,in the restof this book we assume
thatradialdistortionhasbeencompensatetbr, anda cameras describedsimply
by the parametematrix K . The interestedreadermay consultclassicalrefer
encessuchas [Tsai, 1986a Tsai, 1987 Tsai,1989 Zhang,1998l, which are
available as software packagesSomeauthorshave shovn that radial distortion
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Figure3.9. Left: imagetaken by a camerawith a shortfocal length;notethatthe straight
lines in the scenebecomecurved on the image. Right: image with radial distortion
compensatetbr.

canberecoveredfrom multiple correspondingmages:a simultaneougstimation
of 3-D geometryandradial distortion canbe found in the morerecentwork of

[Zhang,1996 Stein,1997 Fitzgibbon,200]. For more sophisticatedens aber

rationmodelsthereadercanreferto classicaleferencefn geometricopticsgiven
attheendof this chapter

3.3.4 Image, preimage, and coimage of pointsandlines

The precedingsectionshave formally establishedhe notion of a perspectie
imageof a point. In principle, this allows us to de ne an image of any other
geometricentity in 3-D that canbe de ned asa setof points(e.g.,aline or a
plane).Neverthelessaswe have seenfrom the exampleof sphericalprojection,
evenfor a point, thereexist seeminglydifferentrepresentationfor its image:two
vectorsx 2 R® andy 2 R® mayrepresenthe sameimagepointaslong asthey
arerelatedby anonzercscalarfactor;i.e.x y (asaresultof differentchoicesn
theimagingsurface).To avoid possibleconfusionthatcanbe causedy suchdif-
ferentrepresentation®r the samegeometricentity, we introducea few abstract
notionsrelatedto theimageof apointor aline.

Considerthe perspectie projectionof a straightline L in 3-D onto the 2-D
imageplane(Figure 3.10). To specifya line in 3-D, we cantypically specifya
pointp,, calledthe basepoint, ontheline andspecifyavectorv thatindicateghe
directionof the line. SupposehatX , = [Xo; Yo; Zo; 1] arethe homogeneous
coordinatesf the basepointp, andV = [Vi;V2;Vs;0]" 2 R* is the homo-
geneougepresentationf v, relative to the cameracoordinateframe. Thenthe
(homogeneous)oordinate®f ary pointontheline L canbeexpresseds

X =X,+ V; 2 R:
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image plane

Figure 3.10.Perspectie imageof aline L in 3-D. The collectionof imagesof pointson
theline formsaplaneP . Intersectiorof this planeandtheimageplanegivesa straightline
* whichis theimageof theline.

Then, the image of the line L is given by the collection of image points with
homogeneousoordinategjivenby

X oX = oXo+ V)= oXo+ oV

It is easyto seethatthis collectionof pointsf x g, treatedasvectorswith origin at
0, spana2-D subspac®, shovnin Figure3.10.Theintersectiorof this subspace
with the imageplanegivesrise to a straightline in the 2-D image plane,also
shavn in Figure3.10.Thisline is thenthe (physical)imageof theline L.

Now the questionis how to ef ciently representheimageof theline. For this
purposewe rst introducethenotionof preimage:

De nition 3.2 (Preimage). A preimage of a pointor a line in theimage planeis
thesetof 3-D pointsthat giverise to animage equalto thegivenpointor line.

Note that the given imageis constrainedo lie in the imageplane,whereas
the preimagelies in 3-D spaceln the caseof a point x on theimageplane,its
preimages a one-dimensionadubspacespannedy thevectorjoining the point
X to thecameracentero. In the caseof aline, the preimagds a planeP through
o (hencea subspaceasshovn in Figure3.10,whoseintersectiorwith theimage
planeis exactly the givenimageline. Sucha planecanberepresentedsthe span
of ary two linearlyindependentectorsin the samesubspaceThusthe preimage
is reallythelargestsetof 3-D pointsor linesthatgivesriseto thesameamage.The
de nition of apreimagecanbegivennotonly for pointsor linesin theimageplane
but alsofor curves or other more complicatedgeometricentitiesin the image
planeaswell. However, whenthe imageis a point or a line, the preimageis a
subspaceand we may also representhis subspacey its (unique)orthogonal
complementn R3. For instancea planecanberepresentedy its normalvector
This leadsto the following notionof coimage:

De nition 3.3 (Coimage). Thecoimage of a point or a line is de nedto bethe
subspacén R® which is the (unique)orthogonalcomplemenof its preimage.
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Thereademustbeawarethattheimage preimageandcoimageareequivalent
representationsjncethey uniquelydetermineoneanother:

image = preimage\ imageplane preimage= spar{image;
preimage= coimagé; coimage= preimagé :

Sincethe preimageof aline L is a two-dimensionakubspaceits coimageis
representedsthe spanof the normalvectorto the subspaceThenotationwe use
for thisis® = [a;b;c]" 2 R3 (Figure3.10).If x is theimageof a point p on this
line, thenit satis esthe orthogonalityequation

Tx =0 (3.23)

Recallthatweuseb 2 R3 3 to denotetheskew-symmetriomatrixassociategith
avectoru 2 R3. Its columnvectorsspanthe subspacerthogonato thevectoru.
Thusthe columnvectorsof the matrixP spantheplanethatis orthogonalto *, i.e.
they spanthepreimageof theline L. In Figure3.10,thismeanghatP = spanjb).
Similarly, if x is theimageof a point p, its coimageis the planeorthogonalto x
given by the spanof the columnvectorsof the matrix k. Thus,in principle, we
shouldusethe notationin Table3.2to representheimage,preimagepr coimage
of apointandaline.

Notati0n| Image ‘ Preimage | Coimage ‘

Point | sparfx)\ imageplane | sparfx) R?® | sparfk) R®
Line sparf®)\ imageplane | sparf?) R® | spaf’) R3

Table3.2. Theimage,preimageandcoimageof apointandaline.

Althoughthe (physical)imageof a pointor aline, strictly speakingjs anotion
thatdepend®on a particularchoiceof imagingsurface,mathematicallyit is more
corvenientto useits preimageor coimageto representt. For instance we will
usethe vectorx, de ned up to a scalarfactor, to representhe preimage(hence
theimage)of a point; andthe vector™, de ned up to a scalarfactor, to represent
thecoimage(hencetheimage)of aline. Therelationshipbetweerpreimageand
coimageof pointsandlines canbe expressedn termsof thevectorsx ;* 2 R3 as

kx = 0; b =0

Often, for a simplerlanguagewe may referto eitherthe preimageor coimage
of pointsandlinesasthe“image” if its actualmeanings clearfrom the context.
For instancejn Figure3.10,we will, in future chapterspftenmarkin theimage
planetheimageof theline L by thesamesymbol™ asthevectortypically usedto
denoteits coimage.
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3.4 Summary

In this chaptey perspeciie projectionis introducedasa modelof the imagefor-
mationfor a pinholecameraln the ideal case(e.g.,whenthe calibrationmatrix
K istheidentity),homogeneousoordinate®f animagepointarerelatedto their
3-D counterpartdy anunknown (depth)scale

X = oX = ogX 0-

If K is notthe identity, the standardoerspectie projectionis augmentedy an
additionallineartransformatiorK ontheimageplane

x%= Kx:

This yields the following relationshipbetweencoordinatesof an (uncalibrated)
imageandtheir 3-D counterparts

x%= K oX =K ogXo:

As equivalent representation$or an image of a point or a line, we intro-
ducedthe notionsof image, preimage and coimage,whoserelationshipswere
summarizedn Table3.2.

3.5 Exercises

Exercise3.1 Shav thatary pointontheline througho andp projectsontothesamemage
coordinatessp.

Exercise 3.2 Considera thin lensimaging a plane parallelto the lens at a distancez
from the focal plane.Determinethe region of this planethat contritutesto the imagel
at the point x. (Hint: consider rst a one-dimensionaimaging model,then extendto a
two-dimensionalmage.)

Exercise3.3 (Field of view). An importantparameteof theimagingsystemis the eld of
view (FOV). The eld of view is twice theanglebetweerthe optical axis (z-axis) andthe
endof theretinal plane(CCD array).Imaginehaving a camerasystemwith focal length
24 mm, andretinal plane(CCD array)(16 mm 12 mm) andthatyour digitizer samples
yourimagingsurfaceat500 500 pixelsin the horizontalandverticaldirections.

1. Computethe FOV.

2. Write down therelationshipbetweertheimagecoordinateandapointin 3-D space
expressedn thecameracoordinatesystem.

3. Describehow the sizeof the FOV s relatedto the focal lengthandhow it affects
theresolutionin theimage.

4. Write asoftwareprogram(in Matlab)thatsimulategshe geometryof the projection
processgiven the coordinateof an objectwith respectto the calibratedcamera
frame,createanimageof thatobject.Experimentwith changingthe parametersf
theimagingsystem.
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Exercise3.4 Underthestandargperspectie projection(i.e. K = |):
1. Whatis theimageof asphere?

2. Characterizehe objectsfor which the imageof the centroidis the centroidof the
image.

Exercise3.5 (Calibration matrix). Computethecalibrationmatrix K thatrepresentshe
transformatiorfrom imagel to | ®asshawvn in Figure3.11.Notethat, from the de nition
of the calibrationmatrix, you needto usehomogeneousoordinatego represenimage
points.Supposehatthe resultingimagel °is further digitizedinto anarrayof 640 480

XO
(0,0) >

(-1-1 yOy

X1

(0,0)
y

Figure3.11.Transformatiorof a normalizedmageinto pixel coordinates.

,|O

Ly

(640,480)

pixelsandtheintensityvalueof eachpixel is quantizedo anintegerin [0; 255] Thenhow
mary differentdigitizedimagescanonepossiblygetfrom sucha process?

Exercise 3.6 (Image cropping). In this exercise,we examinethe effect of croppingan
image from a changeof coordinateviewpoint. Computethe coordinatetransformation
betweenpixels (of samepoints) betweenthe two imagesin Figure 3.12. Representhis
transformatiorin homogeneousoordinates.

X (320,0) X
0,0) > ‘ 0,0) >
yY | yY
(21| 1 >
(640,480) (640,480)

Figure3.12.An imageof size640 480 pixelsis croppedby half andthentheresulting
imageis up-sampledindrestorecasa 640 480-pixel image.

Exercise3.7 (Approximate cameramodels). The mostcommonlyusedapproximation
to the perspectie projectionmodelis orthagraphic projection The light raysin the or-
thographicmodeltravel alonglines parallelto the optical axis. The relationshipbetween
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imagepointsand3-D pointsin this caseis particularlysimple:x = X;y = Y. So,the
geometrianodelfor orthographigrojectioncanbe expresseds

2X3
X 1 00
= 4y5 -
y 01 0 \Z( , (3.24)
or simply in matrix form
X = oX (3.25)

where = [I2 2;0] 2 R? 3. A scaledversionof the orthographicmodelleadsto the
so-calledweak-pespectivemodel

X =S oX; (3.26)

wheres is aconstanscalaindependentf thepointx . Shav how the(scaled)rthographic
projectionapproximategperspectie projectionwhenthe sceneoccupiesa volumewhose
diameter(or depthvariationof thescene)s smallcomparedo its distancérom thecamera.
Characterizat leastonemoreconditionunderwhich the two projectionmodelsproduce
similar results(equalin thelimit).

Exercise3.8 (Scaleambiguity). It is commonsensehatwith a perspectie camerapne
cannottell anobjectfrom anotherbjectthatis exactly twice asbig but twiceasfar. This
is aclassicambiguityintroducecby theperspectie projection.Usetheidealcameranodel
to explainwhy thisis true. s the samealsotrue for the orthographigrojection?Explain.

Exercise 3.9 (Image of lines and their intersection). Considerthe imageof a line L
(Figure3.10).

1. Shaw thatthereexistsavectorin R3, callit *, suchthat
“Tx=0
for theimagex of every pointontheline L. Whatis the geometricmeaningof the

vector® ? (Notethatthevector™ is de ned only upto anarbitraryscalarfactor)

2. If theimagesof two pointsontheline L aregiven,sayx !; x 2, expressthevector’
in termsof x* andx 2.

3. Now supposgouaregiventwo imagesof two lines,in theabove vectorform ™ 1; 2,

If x is theintersectiorof thesetwo imagelines, expressx in termsof *1; 2.

Exercise 3.10 (Vanishing points). A straightline on the 3-D world is projectedonto a
straightline in theimageplane.The projectionsof two parallellinesintersecin theimage
planeatthevanishingpoint

1. Show thatprojectionsof parallellinesin 3-D spacentersectta pointontheimage.

2. Computefor agivenfamily of parallellines,wherein theimagethevanishingpoint
will be.

3. Whendoesthevanishingpointof thelinesin theimageplanelie atin nity (i.e.they
donotintersect)?

Thereademay referto Appendix3.B for a moreformal treatmenbf vanishingpointsas
well astheir mathematicainterpretation.
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3.A Basicphotometrywith light sourcesandsurfaces

In this sectionwe give a concisedescriptionof a basicradiometricimageforma-
tion model,andshowv thatsomesimpli cations arenecessaryn orderto reduce
the modelto a purely geometricone,asdescribedn this chapter The ideais to
describea modelof how theintensityat a pixel ontheimageis generatedUnder
suitableassumptionsye shav thatsuchintensitydepend®nly on theamountof
enegy radiatedrom visible surfacesn spaceandnot on thevantagepoint.

Let S beasmoothvisible surfacein spacewe denotethe tangentplaneto the
surfaceat a point p by T,S andits outward unit normalvectorby . At each
pointp 2 S we canconstructa local coordinateframewith its origin atp, its z-
axisparallelto thenormalvector ,, andits xy-planeparallelto T, S (seeFigure
3.13).Let L beasmoothsurfacethatis irradiatinglight, which we call the light
souice For simplicity, we mayassumehatL is theonly sourceof light in space.
At apointq 2 L, we denotewith T4S and 4 the tangentplaneandthe outward
unit normalof L, respectiely, asshavn in Figure3.13.

Figure3.13.Generatie model.

The changeof coordinatesbetweenthe local coordinateframe at p and the
camerdrame,which we assumeoincideswith the world frame,is indicatedby
a rigid-body transformationg; then g mapscoordinatesn the local coordinate
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frameatp into thosein thecamerdrame,andary vectoru in thelocal coordinate
frameto avectorv = g (u) in thecamerarame®

Foreshorteningand solid angle

Whenconsideringnteractionshetweera light sourceanda surface,we needto
introducethe notion of foreshorteningand that of solid angle Foreshortening
encodeshow thelight distribution on a surfacechangesswe changethe surface
orientationwith respecto the sourceof illumination. In formulas,if dA, is the
areaelemenin T,S, andl;, is theunit vectorthatindicatesthedirectionfrom p to
g (seeFigure3.13),thenthe correspondindoreshortenedreaasseenfrom q is

coy )dAp;

where is the angle betweenthe direction|, and the normal vector ,; i.e.
coq ) = hp;lpi. A solid angleis de ned to be the areaof a conecut out on
aunit sphere.Then,thein nitesimal solid angled! 4 seenfrom a point g of the
in nitesimal areadA;, is

i = coq )dA; .
S dpi?
whered(p; q) is thedistancebetweerp anda.

(3.27)

Radianceandirr adiance

In radiometry radianceis de ned to be the amountof enegy emittedalonga
certaindirection, per unit areaperpendicularto the direction of emission(the
foreshorteningeffect), perunit of solid angle,andper unit of time, following the
de nition in [Sillion, 1994. Accordingto our notation,if we denotetheradiance
atthepointq in thedirectionof p by R(q; I,), the enegy emittedby thelight L
atapointgtowardponS is

dE(p;lp) = R(G1p) cOS( q) dAq d! o dif; (3.28)

wherecoy ) dAq is the foreshortenecreaof dA, seenfrom the direction of
p, andd! 4 is the solid anglegivenin equation(3.27),asshowvn in Figure3.13.
Noticethatthe point p ontheleft handsideof theequationabore andthe pointq
ontheright handsidearerelatedby thedirectionl, of thevectorconnecting to
g.
While theradiancds usedfor enepgy thatis emitted the quantitythatdescribes
incomingeneny is calledirr adiance Theirradianceis de ned asthe amountof
enegy recevedalonga certaindirection,perunit areaandper unit time. Notice
thatin the caseof theirradiancewe do not foreshorterthe surfaceareaasin the
caseof the radiance.Denotethe irradianceat p receved in the directionl, by

8We recall from the previous chapterthat, if we representhe changeof coordinatesy with a
rotationmatrixR 2 SO(3) andatranslationvectorT , thentheactionof g onapointp of coordinates
X 2 R3isgivenbyg(X ) = RX + T, while theactionof g on avectorof coordinatess is given
byg (u) = Ru.
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dl (p;1p). By enegy preseration,we have dl (p;lp) dA, dt = dE(p;lp). Then
the radianceR at a point g thatilluminatesthe surfacedA, alongthe direction
I, with asolidangled! andtheirradiancedl measureditthesamesurfacedA,
recevedfrom this directionarerelatedby

di(p;lp) = R(q;1p) cos() d! ; (3.29)

whered! = 3?;(q§2 dA, is thesolid angleof dA, seerfrom p.

Bidirectionalre ectancedistribution function

For mary commonmaterials,the portion of enegy comingfrom a direction|
thatis re ected onto a directionx, (i.e. the direction of the vantagepoint) by
thesurfaceS, is describedby (xp;lp), thebidirectionalre ectancedistribution
function(BRDF). Herebothx , andl, arevectorsexpressedn local coordinates
atp. More preciselyif dR(p;xp;1p) is the radianceemittedin the directionx
from theirradiancedl (p;l,), the BRDF is givenby theratio

(xo: 1y = IREXpilp) - dR(PiXpilp)
o di (p;lp) R(q;lp) cog ) d!

To obtainthetotal radianceat a point p in the outgoingdirectionx ,, we need
to integrate the BRDF againstall the incoming irradiancedirectionsl, in the
hemisphere atp:

z z

R(p;xp) = dR(p;Xp;lp) = (Xp;lp) R(glp)cog ) dl: (3.31)

(3.30)

Lambertiansurfaces

The abore modelcanbe considerablysimpli ed if we restrictour attentionto a
classof materials,called Lambertian that do not changeappearancéepending
on the viewing direction. For example,mattesurfacesareto a large extent well
approximatedy the Lambertianmodelsincethey diffuselight almostuniformly
in all directions.Metal, mirrorsandothershiry surfaceshowever do not. Figure
3.14illustratesa few commonsurfaceproperties.

For a perfectLambertiansurface, its radiance R (p; x ,) only dependsn how
the surfacefacesthe light source but not on the directionx, from which it is
viewed. Therefore, (Xp;lp) is actuallyindependenbf x ,, andwe canthink of
theradiancefunctionasbeing“glued;’ or “painted” on the surfaceS, sothatat
eachpoint p the radianceR dependnly on the surface.Hence,the perceved
irradiancewill dependonly onwhich pointonthesurfaceis seennotonin which
directionit is seenMore preciselyfor Lambertiansurfaceswe have

(Xpilp) = (P);

where (p) : R® 7! R, is ascalarfunction.In this casewe caneasilycompute
thesurfacealbedo ,, whichis the percentag®f incidentirradiancere ectedin
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Figure3.14.This gure demonstratedifferentsurfacepropertiesvidely usedin computer
graphicsto model surfacesof natural objects: Lambertian,diffuse, re ective, specular
(highlight), transparentvith refraction,andtextured. Only the (wood textured) pyramid

exhibits Lambertiarre ection. Theblueballis partlyambient diffuse,re ective andspec-
ular. Thecheclerboard oor is partly ambient diffuseandre ective. Theglassball is both

re ective andrefractive.

ary direction,as
z zZ, 7

(Xpslp)cos(p)dlp = (p) . OE cos(p)sin( p)d pd p

= (P);

whered! ,, asshavnin Figure3.13,is thein nitesimal solidanglein theoutgoing

direction, which can be parameterizedy the spaceangles( ,; p) asd!, =

sin( p)d pd . Hencetheradiancerom thepointp onalambertiarsurfacesS is
z

RM= = a(p) R(GIp) cos() d! - (3.32)

This equationis known asLambertians cosinelaw. Therefore for a Lambertian
surface,theradianceR dependonly on the surfaceS, describedy its generic
pointp, andonthelight sourcel , describedy its radianceR (q; I 5).

a(p)

Image intensityfor a Lambertiansurface

In orderto expressthedirectionx , in the camerarame,we considerthe change
of coordinatedrom thelocal coordinatérameatthe point p to the camerdrame:
X (p) = g(0) andx g (Xp), wherewe notethatg is arotation® Thereader
shouldbe aware that the transformationg itself dependon local shapeof the

9The symbol indicatesequivalenceup to a scalarfactor Strictly speakingx andg (xp)
do not representhe samevector but only the samedirection (they have oppositesign anddifferent
lengths).To obtainarigorousexpressionwe would havetowrite x = (g (Xp)). However, these
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surfaceat p, in particularits tangentplaneT,S andits normal , atthe pointp.
We now canrewrite theexpression(3.31)for theradiancean termsof thecamera
coordinatesndobtain

R(X)= R(p;g X(x)); where x = (X): (3.33)
If thesurfaceis Lambertianthe above expressiorsimpli es to
R(X) = R(p): (3.34)

Supposehatourimagingsensoiis well modeledby athin lens.Then,by mea-
suring the amountof enegy receved alongthe direction x, the irradiance(or
imageintensity)l atx canbe expressedasa function of the radiancefrom the
pointp:

d 2
I (x) = R(X)Z f— cod( ); (3.35)

whered is thelensdiameterf is thefocallength,and istheanglebetweerthe
opticalaxis(i.e. the z-axis)andthe imagepoint x, asshovn in Figure3.13.The
quantityfg is calledthe F-numberof thelens.A detailedderivation of the above
formulacanbe foundin [Horn, 1986 (page208). For a Lambertiansurface,we
have

2

cod( ) = R(P);

1 d? z
17 cos'( ) a(p) R(q;1p) cog ) d!;

wherex is theimageof the point p takenatthevantagepointg. Noticethatin the
above expressionpnly theangle dependn the vantagepoint. In general for
athin lenswith asmall eld of view, is approximatelyconstantThereforejn
ouridealpin-holemodel,we mayassumehattheimageintensity(i.e. irradiance)
is relatedto the surfaceradianceby theirr adianceequation

I(x) = R(p); (3.36)
d

. 2
where = 7 ¢ cog( ) is aconstanfactorthatis independentf thevantage
point.

In all subsequenthaptersve will adoptthis simplemodel. The fact thatthe
irradiancel doesnotchangewith the vantagepoint for Lambertiansurfacescon-
stitutesa fundamentakonditionthat allows to establishcorrespondencacross
multiple imagesof the sameobject. This conditionandits implicationswill be
studiedin moredetailin the next chapter

2
fﬂ cos( )

—+la

10 = R(X)g

two vectorsdo representhe sameray throughthe cameracenter andthereforewe will regardthem
asthesame.
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3.B Imageformationin thelanguageof projective
geometry

The perspectie pinholecameramodeldescribedy (3.18)or (3.19) hasretained
the physicalmeaningof all parametersnvolved. In particular the last entry of

bothx °andX is normalizedo 1 sothattheotherentriesmaycorrespondo actual
2-D and 3-D coordinateqwith respectto the metric unit chosenfor respectie

coordinateframes).However, sucha normalizationis not always necessaryas
longaswe know thatit is thedirectionof thosehomogeneousgectorshatmatters.
For instancethetwo vectors

X:Y;Z:1": [XW:YW;ZzwW;w]" 2 R* (3.37)
canbe usedto representhe samepointin R3. Similarly, we canuse[x? y% zq"
to represent point [x; y; 1]7 onthe 2-D imageplaneaslong asx®z° = x and
y%=z% = y. However, we may run into troubleif the lastentry W or z° hap-

pensto be 0. To resole this problem,we needto generalizehe interpretatiorof
homogeneousoordinatesntroducedn the previouschapter

De nition 3.4 (Projective spaceand its homogeneouscoordinates). An n-
dimensionaprojectvespaceP" is thesetof one-dimensionaubspaceé.e. lines
throughtheorigin) of thevectorspaceR"*! . Apointpin P" canthenbeassigned

representthe samepointp in P". We saythat X andY are equivalentdenoted
by X Y.

Example 3.5 (Topological modelsfor the projective spaceP?). Figure 3.15 demon-
strategwo equivalentgeometridnterpretation®f the 2-D projective spaceP?. According

Figure3.15.Geometriamodelsfor P?.
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to the de nition, it is simply afamily of 1-D linesf L g in R® througha point o (typically
choserto bethe origin of the coordinateframe).Hence P? canbeviewedasa 2-D sphere
S? with ary pair of antipodalpoints(e.g.,p andp® in the gure) identi ed asonepointin
P2. On the right-handside of Figure3.15, lines throughthe centero in generalintersect
with theplanef z = 1g atauniquepointexceptwhenthey lie ontheplanef z = Og. Lines
in the planef z = 0g simply form the 1-D projective spaceP! (whichis in facta circle).
Hence,P? canbeviewedasa 2-D planeR? (i.e.fz = 1g) with acircle P! attachedIf
we adoptthe view thatlinesin the planefz = Og intersectthe planefz = 1g in nitely
far, this circle P* thenrepresents line at in nity . Homogeneousoordinatedor a point
onthiscircle thentake theform [x; y; 0]" ; ontheotherhand,all regularpointsin R? have
coordinategx; y; 1]" . In generalary projective spaceP” canbe visualizedin a similar
way: P? is thenR® with a planeP? attachedhtin nity; andP" is R" with P" ! attached
atin nity , whichis, however, harderto illustrateon a pieceof paper ™

Using this de nition, R" with its homogeneousepresentatiortan then be
identi ed asa subsetof P" thatincludesexactly thosepointswith coordinates
X = [X1;X2;::1;Xn+1]" wherex,+1 6 0. Therefore,we can always nor-
malize the last entry to 1 by dividing X by Xxn+1 if we sowish. Then,in the
pinhole cameramodel describedby (3.18) or (3.19), x°andx® now represent
the sameprojective point in P? andthereforethe same2-D point in the image
plane.Supposeghatthe projectionmatrixis

=K og= [KR;KT] 2R® % (3.38)

Thenthe cameramodelsimply reducedo a projectionfrom a three-dimensional
projective spaceP® to a two-dimensionaprojective spaceP?,

PPLOP% X7 x° X o: (3.39)

where is omittedhere sincetheequivalence’ " is de nedin thehomogeneous
sensei.e. upto anon-zeroscalarfactor

Intuitively, theremainingpointsin P? with thefourth coordinatex, = 0 canbe
interpretedhspointsthatare“in nitely farawayfromtheorigin.” Thisis because,
for avery smallvalue , if we normalizethelastentryof X = [X;Y;Z; ] to
1, it givesriseto apointin R with 3-D coordinateX = [X=; Y=;Z=1]".The
smallerj j is, thefartheraway is the point from the origin. In fact,all pointswith
coordinate$X ; Y; Z; 0]" form atwo-dimensionaplanedescribedy theequation
[0;0;0;1]" X = 0.9 Thisplaneis calledplaneat in nity . We usuallydenotethis
planeby P; . Thatis,

P, = PPnR? (= PA):

Thenthe aborve imaging model (3.39) is well-de ned on the entire projective
spaceP? includingpointsin thisplaneatin nity . Thisslightgeneralizatiorllows
usto talk aboutimagesof pointsthatarein nitely farawayfromthecamera.

101t is two-dimensionabecauséX ; Y; Z arenot totally free: the coordinatesare determineconly
upto ascalarfactor
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Example 3.6 (Image of points at in nity and “vanishing points”). Two parallellines
in R® do not intersect.However, we canview themasintersectingat in nity . LetV =
[V1;V2; Vs;0]" 2 R* bea(homogeneousyectorindicatingthe directionof two parallel
linesL®, L2 Let X = XY zL 4" andX 2 = [X2;Y2;22;1]" be two base
pointsonthetwo lines,respectiely. Then(homogeneousjoordinatesf pointsonL® can
beexpressedis

X'=Xgs+ V; 2R
and similarly for points on L2. Thenthe two lines can be viewed as intersectingat a

pointatin nity with coordinated/ . The“image” of this intersectiontraditionally called
avanishingpoint, is simply givenby

x° V:
This can be shavn by consideringimagesof points on the lines andletting ! 1
asymptoticallylf theimagesof thesewo linesaregiven,theimageof thisintersectiorcan

be easilycomputedor measuredFigure 3.16 shaws the intersectiornof imagesof parallel
linesatthevanishingpoint, a conceptwell knowvn to Renaissancartists. u

Figure3.16.“The Schoolof Athens”by Raphael(1518),a ne exampleof architectural
perspectie with a centralvanishingpoint, markingthe end of the classicalRenaissance
(courtesyof C. Taylor).

Example 3.7 (Image “outside” the image plane). Considerthe standardperspectie
projectionof a pair of parallellines asin the previous example.We further assumethat
they arealsoparallelto theimageplane,i.e. thexy -plane.In this casewe have

= o=1[:0] and V = [Vi;V2;0,0]":
Hencethe“image” of theintersectionis givenin homogeneousoordinatesas

x%= [Vi;Vo; 0] :
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This doesnot correspondo ary physical point on the 2-D image plane (whosepoints
supposedihave homogeneousoordinatesf theform [x; y; 1]7). It is, in fact,avanishing
pointatin nity . Neverthelesswe canstill treatit asavalid imagepoint. Onewayis to view
it astheimageof a pointwith zerodepth(i.e. with thez-coordinatezero).Sucha problem
will automaticallygo away if we choosetheimagingsurfaceto beanentiresphererather
thana at plane.Thisis illustratedin Figure3.17. u

image sphere image plane

Figure3.17.Perspectie imagesof two parallellinesthatarealsoparallelto the2-D image
plane.In this casethey areparallelto the y-axis. The two imagelines on theimageplane
arealsoparallel,andhencethey do notintersect.On animagesphere hovever, the two
imagecirclesct andc? do intersectat the point x . Clearly, x is the directionof the two
imagelines.

Furtherreadings

Deviationsfromthepinholemodel

As we mentionecearlierin this chapterthe analyticalstudyof pinholeperspec-
tiveimagingdatesbackto the Renaissancé\everthelessthe pinholeperspectie
modelis aratherideal approximatiorto actualCCD photosensor®r Im-based
camerasBefore the pinhole model can be appliedto suchcamerasa correc-
tion is typically neededto corvert them to an exact perspectie device; see
[Branketal., 1993 andreferencesherein.

In generalthe pinhole perspectie modelis not adequatdor modelingcom-
plex opticalsystemghatinvolve azoomlensor multiple lensesFor a systematic
introductionto photographicoptics and lens systemswe recommendhe clas-
sic books[Stroebel, 1999 Born andWolf, 1999. For a moredetailedaccountof
modelsfor azoomlens,thereademayreferto [Horn, 1986 Lavestetal., 1993
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and referencestherein. Other approachessuch as using a two-plane model
[Wei andMa, 1997 have alsobeenproposedo overcomethe limitations of the
pinholemodel.

Othersimplecamern models

In thecomputewvision literature besideghe pinholeperspectie model,thereex-
ist mary othertypesof simple cameramodelsthat are often usedfor modeling
variousimagingsystemaunderdifferentpracticalconditions.This bookwill not
coverthesecasesTheinterestedeademayreferto [TomasiandKanade 1999
for thestudyof theorthographigrojection to [Ohtaetal., 1981, Aloimonos,199Q
PoelmarandKanade 1997 Basri, 1994 for thestudyof theparaperspeate pro-
jection, to [KonderinkandvanDoorn,1991 Mundy andZisserman1997, and
[QuanandKanade 1999 for the study of the afne cameramodel, and to
[GeyerandDaniilidis, 2001 andreferenceshereinfor catadioptrionodelsoften
usedfor omnidirectionakameras.



