Index

2-norm
see norm, 445

Absolute quadric constraint, 174, 197,
205, 225, 292, 293, 399

Adjoint map, 37, 40

Affine group A(n), 448

Affine least-variance estimator, 463

Affine matrix, 448

Affine motion model, 81, 88, 254, 383

Affine projection, 74, 431

Albedo, 67

Algorithm

Basic feature tracking and optical flow,

88
Canny edge detector, 93

Continuous eight-point algorithm, 150
Continuous four-point algorithm for a

planar scene, 158
Eight-point algorithm, 120
Eight-point algorithm for the

fundamental matrix, 211

Eight-point algorithm with refinement,

392
Epipolar rectification, 406
Exhaustive feature matching, 386

Factorization algorithm for
multiple-view reconstruction, 280
Four-point algorithm for a planar scene,
139
Harris corner detector, 91
Multibody structure from motion
algorithm, 248
Multiple-view structure and motion
estimation algorithm, 396
Multiscale iterative feature tracking,
382
Number of independent motions and
the multibody fundamental matrix,
236
Optimal triangulation, 167
Point feature detection, 379
Projective reconstruction — two views,
394
RANSAC feature matching, 388
Recovery of the absolute quadric and
Euclidean upgrade, 401
Structure and motion filtering
Initialization, 422
Iteration, 423
Subfilter, 425

Angular velocity, 32
Aperture problem, 78, 83, 85, 87
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Armijo rule, 484
Autocalibration
see calibration, 174
Autonomous car, 4, 427-432, 438
Autonomous helicopter, 4, 432438

Baseline, 112, 123, 179, 380
Basis, 42, 443
change of basis, 444
monomial basis, 231
standard basis of R", 444
Bidirectional reflectance distribution
function (BRDF), 67
Bilinear constraint, 111, 233, 234, 274,
305-307
invariant property, 299
multibody, 233
Blank wall problem, 78, 83, 87
Body coordinate frame, 21
BRDF, 67
Lambertian surface, 67
Brightness constancy constraint, 80, 143
continuous version, 85
Brownian motion process, 415
Bundle adjustment, 128, 167, 170, 397,
402
two-view case, 128

Calibration, 55, 171-227, 377
calibration matrix K, 55, 171, 365, 391
calibration rig, 226
continuous motion, 210, 227
critical motions, 293
extrinsic calibration parameters, 56
filtering, 422
focal length, 55, 422
from orthogonality, 226
from partial scene knowledge, 199
from reflective symmetry, 365
from rotational symmetry, 366
from symmetry, 365
from translational symmetry, 365
from vanishing points, 226
intrinsic parameter matrix K, 55
principal point, 54
radial distortion, 58
rotating camera, 196, 226
scaling of pixels, 54
skew factor, 55

special motions, 226
stereo rig, 226
taxonomy of calibration procedures,
172
varying focal length, 226, 400
with a planar pattern, 202
with a rig, 201
California PATH, 4, 427, 438
Camera
an ideal camera model, 52-53
camera coordinate frame, 21, 51, 53
intrinsic parameters, 53
omnidirectional, 58
perspective projection, 49
planar, 57
spherical, 57
pinhole camera, 49
frontal, 50
Canny edge detector, 93, 105
Canonical decomposition
of fundamental matrix, 181, 189, 208
Canonical exponential coordinates
rigid-body motion, 33
rotation, 27
Canonical frame
canonical retinal frame, 53
of a symmetric structure, 343
Canonical pose, 344, 344-358
Cartesian coordinate frame, 16
Catadioptric model, 58
Causality, 412, 415, 418, 467
Cayley-Hamilton theorem, 472
Change of basis, 24, 444, 467
Cheirality constraint, 223, 394
Cholesky factorization, 184, 204, 455, 468
Coimage, 60, 265, 295, 320, 452
of epipolar lines, 112
rank condition
geometric interpretation of W;, 271
geometric interpretation of W, 271
of a line, 270
of a point, 269
uncalibrated, 295
Condition number, 460
Conditional density, 418
Conditional expectation, 464
Conjugate group, 175, 347
Conjugation
of quaternions, 40



Connected component analysis, 94
Constraint
absolute quadric constraint, 174, 197,
292, 399
beyond four views, 331
bilinear constraint, 111, 274
brightness constancy constraint, 80, 85
cheirality constraint, 223
continuous homography constraint, 155
epipolar constraint, 111, 274
continuous, 143
multibody, 234
homography constraint, 134
image matching constraint, 79
Kruppa’s equation, 205
line-point-line, 322
line-point-point, 322
mixed trilinear constraint, 288
modulus constraint, 193
nonlinear constraints among multiple
views, 284
point-line-line, 322
point-line-plane, 323
point-point-line, 321
quadrilinear constraint, 315
trilinear constraint, 275, 284
Continuous epipolar constraint, 143
equivalent forms, 144
Continuous essential matrix, 144
for aircraft kinematics, 152
normalized, 144
space of, 144
Continuous homography, 154-158
constraint, 155
matrix, 155
decomposition, 157
eigenvalues, 156
estimation, 155
normalization, 156
Coordinate frame
body coordinate frame, 21
camera coordinate frame, 21, 51, 53
image coordinate frame, 51, 53
object coordinate frame, 21
world coordinate frame, 51
world reference frame, 21
Coordinate transformation, 34, 40, 444
rigid-body motion, 29, 34
rotation, 24
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velocity, 36
Corner detection, 91, 378, 435, 436
Harris corner detector, 91, 378
Correspondence, 76, 380, 385
normalized cross-correlation (NCC), 89
of geometric features, 76
of line features, 93
of point features, 76
sum of squared differences (SSD), 87
Covariance, 420, 423, 425, 466, 473476,
478
matrix, 415, 418, 467, 468, 473
of estimation error, 421, 422, 466
of prediction error, 477
of the innovation, 475
posterior uncertainty, 466
prior uncertainty, 466
Critical motion, 400
Critical motions, 293
Critical surface, 123, 162, 169
a plane, 134
quadratic surfaces, 162
uncalibrated case, 209
Cross product, 17, 456
Cyclic group C,,, 343, 369

Decomposition
of continuous homography matrix, 157
of essential matrix, 115
of fundamental matrix, 181
of homography matrix, 136
of reflective homography, 369
of rotational homography, 369
of state-space, 419
of symmetric epipolar component, 147
of translational homography, 368
of trifocal tensor, 302
QR decomposition, 449
singular value decomposition, 457
Dense matching, 407
Dense reconstruction, 377
Depth scale vector, 267
Dihedral group D,,, 343
Dot product
see inner product, 444
Drift, 420
Duality, 318, 326
between coplanar points and lines, 318
Dynamical scale ODE, 153
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Dynamical system, 413
discrete-time nonlinear, 416
initial condition, 469

input, 469

linear dynamical system, 468

four solutions, 161

from reflective symmetry, 372
multibody, 229-248

pure translation, 193
uncalibrated, 177

linear Gaussian model, 469, 473
minimal realization, 419

motion and structure evolution, 414
nonlinear dynamical system, 414, 476
observability, 415, 471

output, 414, 469

realization, 418

state, 413, 469

state transition matrix, 469

Epipolar matching lemma, 179, 404
Epipolar rectification, 404, 404—407
Equivalence class, 416, 417

under similarity group, 416
Equivalent views, 340, 345, 368
Essential constraint

see epipolar constraint, 111
Essential matrix, 111, 117

continuous essential matrix, 144

decomposition, 115

estimation, 117

from homography matrix, 141

from reflective symmetry, 351

from rotational symmetry, 354, 369

normalized, 120

of planar motion, 160

rectified, 161

Edge detection, 93

active contour methods, 105

Canny edge detector, 93, 105

constant curvature criterion, 105
Eigenvalue, 91, 94, 156, 453
Eigenvector, 94, 453
Embedded epipolar line, 243
Embedded epipole, 237, 240 space of, 113
Epipolar constraint, 10, 111, 274, 305, SVD characterization, 114

388 the twisted pair solutions, 116

continuous epipolar constraint, 143 Essential space, 113

continuous planar case, 155 Euclidean group F(2), 347

from rank condition, 160 Euclidean group E(3), 20, 342

multibody, 230, 234 Euclidean group F(n), 449

planar case, 134-142, 154-159 Euclidean norm

two-body, 231 see norm, 445

uncalibrated, 177-181 Euler angles, 41, 42
Epipolar geometry, 110-116, 177, 229, Y Z X Euler angles, 42

252 2Y X Euler angles, 42

continuous case, 142-159, 170 ZY Z Euler angles, 42

critical surface, 123, 162 Exponential coordinates, 27, 33, 403, 418

distance to an epipolar line, 161 for rigid-body motion, 33

epipolar line, 112, 129, 179, 242, 243, for rotation matrix, 27, 418

245, 404 Exponential map
embedded, 243 of SE(3), 33
multibody, 243 of SO(3), 26

parallel, 160
epipolar plane, 112, 129, 179
epipolar transfer, 178, 244, 250, 252
multibody, 244, 252

Extrinsic calibration parameters, 56, 172

Facade, 411
Factorization

epipole, 112, 179, 237, 242, 245, 366,
404, 405
embedded, 237, 240
multibody, 245

Cholesky factorization, 455
multibody fundamental matrix, 248
multiple-view rank condition, 278
orthographic projection, 11



polynomial factorization, 231, 243,
244, 247, 250, 255
rank-based methods, 308, 396
uncalibrated multiple-view, 289
Feature, 76, 78
correspondence, 76, 376, 380-389
edge features, 93
geometric features, 77
line features, 83, 94
matching, 79, 436
photometric features, 77
point features, 83, 87, 90, 91
selection and detection, 90, 376,
378-380
corner detection, 91
edge detection, 93
tracking, 85, 90, 105, 380-384, 420,
421
Field of view (FOV), 50, 62
Filter
derivative filter, 101
Gaussian filter, 101
reconstruction filter, 100
separable filter, 102, 104
smoothing filter, 104
Sobel filter, 104
sync function, 100, 102
Filtering, 414
drift, 420
extended Kalman filter, 422, 476478
Kalman filter, 468-478
motion and structure estimation, 414
optimal filter, 415
subfilter, 421, 425
whitening filter, 468
Finite-rank operator fundamental lemma,
453
Fixation point, 431
Fixed rank approximation, 209, 461
Focal length, 48, 49, 55, 400, 422
Focal plane, 48
Focus, 48
Foreshortening, 66
Fourier transform, 100
Frobenius norm, 119, 149, 161, 455, 461
Fundamental equation of the thin lens, 48
Fundamental matrix, 178, 252, 301, 365,
388, 392, 393
among three views, 300
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associated identities, 208

canonical decomposition, 189, 207,
208, 393

decomposition, 181

degrees of freedom, 289, 292

equivalent forms, 178

estimation, 225

from reflective symmetry, 366

from rotational symmetry, 366

from symmetry, 365

from translational symmetry, 365

from trifocal tensor, 302

multibody, 233

nonlinear refinement, 213, 392

normalization, 220

parameterization, 213, 392

planar motion, 208

pure translation, 208

Gauss-Newton method, 483
Gaussian filter, 101, 103, 378
Gaussian noise, 127, 415, 468, 473, 476
Gaussian random vector, 413
General linear group GL(n), 447
Generalized inverse

see pseudo-inverse, 460
Generalized principle component analysis,

258

Geometric features, 77
Geometric information in M;, 286
Geometric information in M, 274
Global positioning system (GPS), 432
Gradient, 481

image gradient, 85, 99
Gram-Schmidt procedure, 450, 467
Group, 447

affine group A(n), 448

circular group S*, 294

conjugate group, 175, 347

cyclic group Cy, 343

diheral group D,,, 343

Euclidean group E(2), 347

Euclidean group E(3), 20

Euclidean group E(n), 449

general linear group GL(n), 447

homography group, 347

matrix groups, 446

matrix representation, 22, 447

orthogonal group O(n), 448
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permutation group &,,, 234
planar rotation group SO(2), 28
rigid-body motions SE(3), 22
rotation group SO(3), 24, 38
screw motions SO(2) X R, 34
similarity group SE(3) x R4, 416
special Euclidean group SE(3), 22
special Euclidean group SE(n), 449
special orthogonal group SO(3), 24
special orthogonal group SO(n), 449
symmetry group, 342
unit quaternions S%, 41

Groupoid, 346, 371

Hamiltonian field
see quaternion field, 41
Harris corner detector, 91, 378
Hat operator “A”, 18, 113, 456
twist, 32
Hessian matrix, 481
Hilbert space
of random variables, 464
Hilbert’s 18th problem, 371
History of a random process H(+), 467
Homogeneous coordinates, 162
Homogeneous equality “~”, 58, 60, 71,
197, 199, 346, 365
Homogeneous polynomial, 245, 255
factorization, 255
Homogeneous representation, 29, 70, 264,
448
of a rigid-body motion, 30
of affine transformation, 448
of point coordinates, 30
of projective space, 70
Homography, 132, 131-142, 155, 182,
318, 322, 429, 447
constraint, 134
continuous homography, 155
matrix, 155
four-point algorithm, 139
from essential matrix, 141
from rank condition, 318, 322
from reflective symmetry, 366
from rotational symmetry, 369
from translational symmetry, 365
homography matrix, 132
decomposition, 136
estimation, 133, 163

normalization, 135

matching homography, 404, 405

of epipolar lines, 133, 163

pure rotation case, 134, 196

relfective, 347

rotational, 347

translational, 347

two physically possible solutions, 164

uncalibrated, 209, 214

w.r.t. the second camera frame, 163
Homography group, 347
Hough transform, 94, 105, 380, 429

Image, 46, 49, 61, 295, 320
brightness, 47
coimage, 60
of a line, 60, 265, 270
of a point, 60, 265, 269
deformations, 78
formation process, 51
image motion, 80
intensity, 48, 68
irradiance, 48, 68
local deformation model, 80
affine model, 81
projective model, 81
translational model, 80
of a line, 60, 265
of a point, 49, 265
of circles, 326
preimage, 60
from multiple views, 266
of a line, 60, 265
of a point, 60, 265
uncalibrated, 295
Image matching constraint, 79
Image cropping, 63
Image gradient, 85, 99-104
Image warping, 381
Incidence relations, 310, 313
associated rank conditions, 330
collinear, 313, 331
coplanar, 316
in images, 312
in space, 310
intersection at a point, 313
of a box, 323
with spirals, 328
Indistinguishable, 417



Infinite rapport, 340

Inner product, 17, 38, 174, 444
canonical inner product, 17, 444
induced from a matrix, 445
uncalibrated, 174

Innovation, 450, 467, 468
random processes, 468

Intel’s OpenCYV, 204

Intrinsic parameter matrix K, 55, 171,

365

Irradiance, 47, 48, 66, 69, 78, 79, 87

irradiance equation, 69, 79

Jacobian matrix, 239, 398, 476, 483
of Veronese map, 239

Kalman filter, 414, 415, 418, 420, 429,
437, 450, 468
extended Kalman filter, 414, 476478
intuition, 469
linear Kalman filter, 472475
motion and structure estimation,
422-426
Kalman gain, 468, 471, 474, 475
Kalman-Bucy filter
see Kalman filter, 468
Kernel
of Lyapunov map, 195, 351, 354
see null space, 451
symmetric real kernel, 195
Klein’s Erlangen program, 9
Kronecker product, 117, 118, 155,
232-234, 445
Kruppa’s equation, 174, 205, 214-225
degeneracy, 220
focal length, 209
normalization, 219
normalized, 205, 219-222, 366
number of constraints, 215, 220, 223
other forms, 209
pure translation, 208
time-varying, 208

Lagrange multiplier method, 165, 484
Lagrange multipliers, 128, 165, 485
Lagrangian function, 166, 485
augmented, 486
Lambertian, 67, 79, 375
BRDF, 67
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surface, 67
surface albedo, 67
Least-squares estimator, 86, 89, 118, 127,
153, 202, 211, 464
Least-variance estimator, 127, 463
affine, 463, 465-468
linear, 463
the affine vector case, 465
the linear scalar case, 464
Levenberg-Marquardt method, 398, 483
Lie bracket, 28, 33
Lie-Cartan coordinates, 42
Line at infinity, 71
Line fitting, 94
Linear independence, 442
Linear space, 441
basis, 443
change of basis, 444
Linear transformation, 446
Linear velocity, 32
Linearization, 423, 476
LMedsS, 387, 390
Logarithm
of SE(3), 33
of SO(3), 27, 419
Lyapunov equation, 195, 207, 346, 456
reflective, 351
rotational, 354
Lyapunov map, 195, 206, 456

Markov property, 469
Matching
affine model, 81, 386
dense matching, 407
image matching constraint, 79
normalized cross-correlation, 89
point feature, 82-92, 436
projective model, 81
robust matching, 385-390
sum of squared differences, 87
translational model, 80, 386
Matrix
affine matrix, 448
eigenvalues, 453
eigenvectors, 453
essential matrix, 111
continuous version , 144
fixed rank approximation, 461
fundamental matrix, 178
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multibody, 233
generalized inverse, 460
homography matrix, 132
continuous version, 155
image matrix, 267
minor, 297
multiple-view projection matrix, 267
null space, 451
orthogonal matrix, 23, 448
special orthogonal matrix, 23, 449
projection matrix, 57, 266
general II, 56
standard IIo, 53
projective matrix, 447
pseudo-inverse, 460
range, 451
rank, 451
rotation matrix, 24
skew-symmetric matrix, 455
stack of a matrix, 445
symmetric epipolar component, 144
symmetric matrix, 454
Vandermonde matrix, 239, 329
Matrix exponential, 26, 32
Matrix groups, 446, 449
Matrix inversion lemma, 466
Matrix Kruppa’s equation
see Kruppa’s equation, 205
Matrix representation of a group, 447
Matte surface
see Lambertian surface, 67
Maximum a posteriori, 127
Maximum likelihood, 126
Metric, 17, 175, 444
uncalibrated, 175
Minimization rule, 484

Minor of a matrix, 274, 275, 284, 297, 308

Modulus constraint, 193, 205, 209, 225
Monomials, 231-233, 236, 253
Moore Penrose inverse

see pseudo-inverse, 460
Motion segmentation, 248

affine flows, 254

constant velocity, 254

linear motions, 254

planar motion, 254

two objects, 254
Multibody

constant motions, 254

embedded epipolar line, 243
for two bodies, 244
embedded epipole, 237
epipolar constraint, 230, 234
epipolar geometry, 123, 237-248, 252
fundamental matrix, 233, 234, 235,
237,239, 242, 244, 249, 250, 252
factorization, 248
rank, 238, 255
linear motions, 254
motion segmentation, 242, 248
multibody epipolar line, 243, 245, 252
for two bodies, 244
multibody epipole, 245, 250, 252
number of motions, 235
planar motions, 254
structure from motion algorithm, 248
structure from motion problem, 230
Multilinear function, 233, 297
Multiple-view factorization, 278-282,
291-292, 346
calibrated camera, 279
for coplanar features, 330
for symmetric structure, 346
for the line case, 304
uncalibrated camera, 291
Multiple-view geometry, 8, 263
Multiple-view matrix, 8, 226, 273,
273-289, 291, 314, 316, 317, 321,
327,346
degenerate configurations, 298
equivalent forms, 291
for a family of intersecting lines, 314
for coplanar points and lines, 317, 323
for intrinsic coplanar condition, 320
for line features, 283
for mixed point and line features, 321
for point features, 273
geometric information in M, 286
geometric information in M, 274
geometric interpretation, 322, 329
pure rotation, 298, 299
rectilinear motion, 298
symmetric, 346
universal, 321
various instances, 321, 333-337
Multiple-view projection matrix, 267

NCC, 89, 386-388, 407, 431



Newton’s method, 482
Norm, 17, 444
2-norm, 444
Euclidean norm, 445
Frobenius norm, 455
induced of a matrix, 455
Normal distribution, 127, 214, 415
Normalization
of continuous essential matrix, 144
of continuous homography matrix, 156
of essential matrix, 120
of fundamental matrix, 220
of homography matrix, 135, 369
of image coordinates, 212
of Kruppa’s equation, 219
Normalized cross-correlation
see NCC, 89
Normalized Kruppa’s equation, 205
from rotational symmetry, 366
Null space, 39, 327, 451
Nyquist frequency, 100
Nyquist sampling theorem, 100

Object coordinate frame, 21
Observability, 415, 417, 471, 472
up to a group, 417
up to a similarity transformation, 417
Occlusion, 82, 389, 390, 398, 407, 420
OpenCV, 204
Optical axis, 48
Optical center, 48
Optical flow, 85, 90, 143
affine flows, 254
normal flow, 85
Optimal triangulation, 128, 167
Optimization
constrained, 484, 484-486
Gauss-Newton method, 483
Lagrange multiplier method, 484
Levenberg-Marquard method, 483
Newton’s method, 482
objective function, 479
objectives for structure and motion
estimation, 125
on a manifold, 480
optimality conditions, 481, 485
steepest descent method, 482
unconstrained, 480, 480484
Orbital motion, 219, 294, 354, 369
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Orientation, 17, 342

orientation preservation, 20
Orthogonal, 445

random variables, 464

vectors, 17
Orthogonal complement, 452

coimage, 60, 265, 321, 452
Orthogonal group O(3), 161, 342
Orthogonal group O(n), 448
Orthogonal matrix, 23, 161, 448
Orthogonal projection

of a random variable, 464

of random variables, 466

onto a plane, 141
Orthographic projection, 63, 64, 74
Orthonormal frame, 21

Parallax, 123
Paraperspective projection, 74
Periodogram, 426
Permutation group &,,, 234
Perspective projection, 8, 49
history, 9
Photomeric features, 77
Photometry, 65
BRDF, 67
irradiance, 66
radiance, 66
Photomodeler, 411
Pictorial cues, 6
blur, 6
contour, 6
shading, 6
texture, 6
Pinhole camera model, 49
distortions, 73
frontal, 50
parameters, 53
Planar homography
see homography, 131
Planar motion, 160, 219, 254
essential matrix of, 160
fundamental matrix of, 208
Planar symmetry, 347-348
Plane at infinity, 71, 192, 224, 323, 329
from vanishing points, 192
Platonic solids, 341, 368
cube, 341, 368
dodecahedron, 341, 368
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icosahedron, 341, 368
octahedron, 341, 368
tetrahedron, 341
Plenoptic sampling, 410
Point at infinity, 71, 298
vanishing point, 71
Polarization identity, 20
Polynomial factorization, 231, 244, 255
degenerate cases, 257
Positive definite, 174, 204, 220, 454
Positive depth constraint, 123, 136, 137,
151, 158, 159, 161
Positive semi-definite, 454, 455
Posterior density, 127
Preimage, 60, 61, 265
Principal point, 54
Prior density, 127
Projection
affine projection, 74, 431
orthographic projection, 63, 74
paraperspective projection, 74
perspective projection, 49
planar, 57
spherical, 57, 73
weak-perspective projection, 64
Projection matrix, 53, 56, 71
degrees of freedom, 292
multiple-view projection matrix, 267
standard projection matrix I, 53
Projection onto
0(3), 161
a plane, 141
essential space, 118
symmetric epipolar space, 149
Projective geometry, 8, 9, 70
Projective matrix, 182, 447
Projective motion model, 81
Projective reconstruction, 391
from multiple views, 394
from two views, 391
Projective space, 70, 323
homogeneous representation, 70
line at infinity, 71
plane at infinity, 71
topological models, 70
vanishing point, 71
Pseudo-inverse, 352, 401, 460

QR decomposition, 182, 183, 202, 450

Quadrilinear constraint, 307, 315
Quasi-affine reconstruction, 224, 394
Quasi-Euclidean reconstruction, 226
Quaternions, 40, 43

quaternion field H, 41

unit quaternions S*, 41

Radial distortion, 58, 134
correction factor, 58
Radiance, 66, 69, 79
Radon transform, 94, 99
Random processes, 418, 462, 467, 468
Brownian motion process, 415
conditional density, 418
history up to time ¢, 467
innovation, 468
Markov property, 469
periodogram, 426
uncorrelated, 467, 473
white Gaussian noise, 468
whiteness, 426
Random variables, 462
Gaussian random variable, 82, 127
normal distribution, 415
Poisson random variable, 82
Random vectors, 462, 463, 467
covariance matrix, 415
Gaussian random vector, 413
Range, 39, 451
Rank, 451
Rank condition, 8, 226, 390, 396
beyond four views, 328, 331
continuous motion, 304
coplanar points and lines, 317
features in plane at infinity, 323, 329
for epipolar constraint, 160
for incidence relations, 313, 330

geometric interpretation, 276, 284, 322,

333-337
high-dimensional spaces, 330
invariant property, 299
multibody fundamental matrix, 238,

239, 255
multiple images of a line, 284
multiple images of a point, 273
number of motions, 235
numerical sensitivity, 299
on submatrix, 331
point at infinity, 298



symmetric multiple-view matrix, 346
T-junction, 327
universal multiple-view matrix, 321
Rank reduction lemma, 269, 453
RANSAC, 387, 388, 431
feature matching, 388
Realization, 418
minimal realization, 419
Reconstruction up to subgroups, 210
Rectilinear motion, 298
Recursive algorithm, 413
Reflection, 20, 340, 342, 350
Reflective homography, 347, 352, 366,
369
Reflective symmetry, 340, 349, 350, 353,
369
degeneracy, 369
for camera calibration, 365
planar, 347, 352
pose ambiguity, 353
Representation
homogeneous representation, 29, 70,
264, 448
matrix representation of a group, 447
matrix representation of rigid-body
motion, 30
matrix representation of rotation, 23
matrix representation of symmetry
group, 343
Reprojection error, 127, 128, 214, 388,
392, 397, 398, 402
Riccati equation, 425, 475
Right-hand rule, 18
Rigid-body displacement, 19
Rigid-body motion, 19, 20, 28-34, 416,
449
canonical exponential coordinates, 33
composition rules, 36
coordinate transformation, 29, 34
group SE(3),22
homogeneous representation, 30
rotation, 21
translation, 21
velocity transformation, 36
Rodrigues’ formula, 27, 115, 403, 419
Rotation, 21-28, 161
about the Z-axis, 24
canonical exponential coordinates, 27
eigenvalues and eigenvectors, 39
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Euler angles, 41, 42
first-order approximation, 25
group SO(3), 24
invariant conic, 207
inverse of, 23, 24
Lie-Cartan coordinates, 41
matrix representation, 23
multiple-view matrix for lines, 299
multiple-view matrix for points, 298
noncommutativity, 39
planar rotation group SO(2), 28
quaternions, 40
topological model for SO(3), 41
yaw, pitch, and roll, 42
Rotational homography, 347, 369
Rotational symmetry, 340, 349, 354, 355,
368, 369
degeneracy, 369
for camera calibration, 366
planar, 347
planotic solids, 368
pose ambiguity, 355

Sampson distance, 214, 388, 392
Scale
alignment of cells in an image, 358
alignment of cells in two images, 358
dynamical scale ODE, 153
of fundamental matrix, 219
perspective scale ambiguity, 64
scaling of pixels, 54
structural scale reconstruction, 124, 152
universal scale ambiguity, 125, 154
Screw motion, 33, 217, 219, 355
Segmentation
of 0-D data, 252
of affine flows, 254
of multiple rigid motions, 248, 250
Seven-point algorithm, 122
fundamental matrix, 213
Similarity group SE(3) x R4, 416
Similarity transformation, 416
Singular value, 91, 92, 458
Singular value decomposition
see SVD, 457
Six-point algorithm, 122, 162
three view, 307
Skew factor, 55
Skew field
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see quaternion field, 41
Skew-symmetric matrix, 18, 38, 160, 455
Sobel filter, 104
Solid angle, 66
Space carving, 410
Span, 442

of a matrix, 451
Special Euclidean group SFE(3), 29
Special Euclidean group SE(n), 449
Special Euclidean transformation, 20, 449
Special linear group SL(n), 448
Special orthogonal group SO(n), 449
Special orthogonal matrix, 449
Spherical perspective projection, 57, 73,

164
Spiral, 328
SSD, 87, 380

Stack of a matrix, 117, 148, 155, 234, 445
State transition matrix, 26, 469
Steepest descent method, 482
Stereo rig, 226, 428
calibration, 226
Stereopsis, 45
photometric stereo, 372
reflective stereo, 353
Stratification, 186-198, 225, 289-294,
398
affine reconstruction, 192
Euclidean reconstruction, 194
from multiple views, 289
from two views, 186
projective reconstruction, 188
pure translation, 193
Structure from motion, 8
multibody case, 230
Structure triangulation, 167
Subfilter, 421
Subpixel accuracy, 99, 379
Subspace, 442
orthogonal complement, 452
spanned by vectors, 442
Sum of squared differences
see SSD, 87
SVD, 114, 120, 180, 202, 204, 211, 393,
395, 397, 401, 457, 457-461
Sylvester equation
see Lyapunov equation, 456
Sylvester’s inequality, 316, 451
Symmetric epipolar component, 144

decomposition, 147

space of, 144

structure of, 145
Symmetric matrix, 454, 475

positive definite, 174, 220, 454

positive semi-definite, 197, 454, 466
Symmetric multiple-view matrix, 346
Symmetric structure, 342

2-D patterns, 369

planar, 347
Symmetry, 122, 338-372, 377, 386

ambiguity in pose from symmetry, 358

comparison of 2-D and 3-D, 367

for camera calibration, 365

for feature matching, 372

infinite rapport, 340

multiple-view reconstruction, 358-364

of n-gons, 343, 370

of a cube, 368

of a landing pad, 435

of a rectangle, 343

of a tiled plane, 344

planar structure, 349

reflective symmetry, 340, 353

rotational symmetry, 340, 355

testing, 370

translational symmetry, 340, 355
Symmetry group, 342

cyclic group Cy, 343

dihedral group D5, 343

homography group, 347

isometry, 342

matrix representation, 343

of n-gons, 343

of a rectangle, 343

of platonic solids, 368

planar symmetry group, 349

T-junction, 327, 332
Taylor expansion, 84, 383
Taylor series, 28
Tensor
trifocal tensor, 289, 303
Texture mapping, 377, 409
Theorem
Characterization of the essential matrix,
114
Characterization of the symmetric
epipolar component, 145



Chasles’ theorem, 34

Constraint among multiple images of a
line, 284

Critical motions for the absolute
quadric constraints, 293

Decomposition of continuous
homography matrix, 157

Decomposition of the planar
homography matrix, 136

Degeneracy of the normalized Kruppa’s
equations, 220

Epipolar constraint, 111

Factorization of the multibody
fundamental matrix, 248

Gram-Schmidt procedure, 450

Kruppa’s equations and cheirality, 223

Lagrange multiplier theorem, 485

Linear relationships among multiple
views of a point, 275

Logarithm of SFE(3), 33

Logarithm of SO(3), 27

Multiple-view rank conditions, 321

Normalization of Kruppa’s equations,
219

Normalization of the fundamental
matrix, 220

Pose recovery from the essential matrix,
115

Projection onto the essential space, 118

Projection onto the symmetry epipolar
space, 149

Projective reconstruction, 188

Rank condition for the number of
independent motions, 235

Rank conditions for line features, 284

Rank conditions for point features, 273

Relationships between the homography
and essential matrix, 140

Rodrigues’ formula for a rotation
matrix, 27

Singular value decomposition of a
matrix, 457

Unique canonical pose from a
symmetry group, 349

Uniqueness of the preimage (line), 287

Uniqueness of the preimage (point),
278

Velocity recovery from the symmetry
epipolar component, 147

Index 525

Veronese null space of the multibody
fundamental matrix, 240
Thin lens, 48, 69
F-number, 69
fundamental equation, 48
Tiling, 341, 344, 369
Tracking
affine model, 88, 97, 382
contract compensation, 382
iterative, 382
large baseline, 88
line feature, 92-96
multiscale, 99, 381, 382
point feature, 85-90, 380-385
small baseline, 84
stereo tracking, 430
translational model, 84, 380
Translation, 21
Translational homography, 347, 365, 368
Translational motion model, 80, 380
Translational symmetry, 340, 355, 368
for camera calibration, 365
planar, 347, 356
pose ambiguity, 355
Triangulation, 129, 161, 167, 425, 432
lines, 297, 298
with reflective symmetry, 351
Trifocal tensor, 289, 302, 303
basic structure, 302
decomposition, 302
degrees of freedom, 289, 292
linear estimation, 302
three-view geometry, 303
Trilinear constraint, 11, 275, 284, 288,
305-307
for line feature, 284
for mixed features, 288
for point feature, 275
invariant property, 299
Triple product, 20, 112
Twist, 32, 414
coordinates, 32
Twisted pair, 116, 148

UAV, 432, 438

UGV, 432, 438

Uncorrelated, 473
random processes, 467, 473
random variables, 464



526 Index

random vectors, 467
Universal multiple-view matrix, 320, 321
Universal scale ambiguity, 125, 154
Unmanned aerial vehicle (UAV), 432
Unmanned ground vehicle (UGV), 432

Vandermonde matrix, 239, 329
Vanishing point, 64, 71, 192, 226, 365,
370

at infinity, 72

camera calibration, 192

detection and computation, 226

from parallel lines, 72

from reflective symmetry, 366

from translational symmetry, 365
Variance, 468

covariance, 466

unit-variance noise, 473
Variational model, 476, 477
Vector, 16, 441

a bound vector, 16

a free vector, 16
Vector space, 441
Vee operator “V”, 19

twist, 32
Velocity, 32, 143, 152

angular velocity, 32

coordinate transformation, 36

image velocity, 143

linear velocity, 32

pitch rate , 152

roll rate, 152

yaw rate, 152
Veronese map, 232, 233, 234, 238, 240,

243

derivatives, 239

Jacobian matrix of, 239
Veronese surface, 233, 240
Virtual insertion, 5, 426
Vision-based control, 438
Visual feedback, 427, 432
Volume preservation, 20

Weak-perspective projection, 64
Whitening filter, 468
World reference frame, 21, 22



