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Abstract. We propose a method to reconstruct surfaces from oriented
point clouds with non-uniform sampling and noise by formulating the
problem as a convex minimization that reconstructs the indicator function of the surface’s interior. Compared to previous models, our reconstruction is robust to noise and outliers because it substitutes the leastsquares fidelity term by a robust Huber penalty; this allows to recover
sharp corners and avoids the shrinking bias of least squares. We choose
an implicit parametrization to reconstruct surfaces of unknown topology
and close large gaps in the point cloud. For an efficient representation, we
approximate the implicit function by a hierarchy of locally supported basis
elements adapted to the geometry of the surface. Unlike ad-hoc bases over
an octree, our hierarchical B-splines from isogeometric analysis locally
adapt the mesh and degree of the splines during reconstruction. The hierarchical structure of the basis speeds-up the minimization and efficiently
represents clustered data. We also advocate for convex optimization, instead isogeometric finite-element techniques, to efficiently solve the minimization and allow for non-differentiable functionals. Experiments show
state-of-the-art performance within a more flexible framework.

1

Introduction

New challenges to surface reconstruction from measurements emerge as datasets
grow in size but lose in accuracy. The reduction in accuracy appears as sensors
evolve from short to long range, low-cost commodity scanners become widely
available, and computer vision is increasingly used to infer 3D geometry from
point sets. As a result, surface reconstruction methods must be robust to noise
and outliers, and scale favorably in terms of computation and memory usage.
This impacts the parametrization of the surface and the inference techniques.
We propose a robust but simple algorithm to reconstruct a water-tight surface from an oriented point cloud. We formulate the reconstruction as a convex
optimization that recovers the indicator function of the interior of the surface.
Our objective function penalizes deviations in the normal orientation with a Huber loss function to robustly recover the topology of the surface and allow for
sharp corners; this makes our model more robust to noise and avoids the “shrinking bias” of least-squares models [1,2]. Our minimization exploits the convexity
of the objective with an efficient first-order algorithm that is easy to parallelize
and scales well with the size of the point cloud. This is our first contribution.
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Our second contribution is to merge state of the art isogeometric analysis
and surface reconstruction. Isogeometric analysis [3,4] is a generalization of finite element analysis which improves the link between geometric design and
analysis. The isogeometric paradigm is simple: the smooth spline basis used to
define the geometry is used as the basis for analysis. As a result, exact geometry is introduced into the analysis. The smooth basis can then be leveraged
in analysis [5,6,7] and lead to innovative approaches to model design [8,9,10],
analysis [11,12,13,14], optimization [15], and adaptivity [16,17,18,19,20].
The underlying implicit function is represented by an adaptive spline forest [18] developed in isogeometric analysis [3]. An isogeometric spline forest is a
hierarchical spline representation capable of representing surfaces or volumes of
arbitrarily complex geometry and topological genus. Spline forests can accommodate arbitrary degree and smoothness in the underlying hierarchical basis as
well as non-uniform knot interval configurations. They accommodate efficient
h, p, k-refinement and coarsening algorithms which we utilize in this work. In
h-adaptivity the elements are subdivided or merged, in p-adaptivity the polynomial degree of the basis is changed, and in k-adaptivity the smoothness of
the basis is changed. In all cases, the adaptive process remains local and preserves exact geometry at the coarsest level of the discretization. In the context
of surface reconstruction, a hierarchical spline forest basis efficiently represents
functions in three dimensions by their spline coefficients and provides analytic
expressions for their derivatives. Our reconstruction exploits this local adaptivity
to efficiently represent complex surfaces with sharp corners.

2

Related Methods and Choice of Representation

Surface reconstruction methods can be first classified by their surface representation: parametric or implicit. Parametric techniques represent the surface as a
topological embedding of a 2D parameter domain into 3D space. Among them,
approaches based on computational geometry partition the space into Voronoi
cells from the input samples and exploit the intuitive idea that eliminating facets
of Delaunay tetrahedra provides a triangulated parametrization of the surface
[21,22,23,24,25,26,27]. The reconstructed surface thus interpolates most of the
input samples and requires post-processing to smooth the surface and correct the
topology. Parametric methods generally require clean data because they assume
the topology of the surface to be known, while implicit methods are designed to
reconstruct surfaces from noisy point clouds with unknown topology.
Implicit representations both reconstruct the surface and estimate its topology, but increase the dimension of the problem by representing the surface as
the zero-level set of a volumetric function. Their accuracy is thus limited by the
resolution of the grid, with efficient representations requiring non-uniform grids.
Implicit representations can be formulated as either global or local. Local
methods consider subsets of nearby points one at a time and handle large
datasets efficiently. Earlier methods [28,29] estimate tangent planes from the
nearest neighbors of each sample and parametrize the surface by the signed dis-
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tance to the tangent plane of the closest point in space. Moving least squares
(MLS) techniques [30,31,32,33] reconstruct surfaces locally by solving an optimization that finds a local reference plane and fit a polynomial to the surface.
The least-squares fit of MLS, however, is sensitive to outliers and smooths out
small features; for this reason variants robust to outliers [34,35] and sharp features [36,37] appeared. [38] also constructs implicit functions locally but blends
them together with partitions of unity. Common to these methods is their locality
–partitioning into neighborhoods and merging local functions– that makes them
highly scalable but sensitive to non-uniform sampling and point-cloud gaps.
Global methods define the implicit function as the sum of basis functions
(RBFs[39], splines[1,2], wavelets [40]) and consider all the data at once without
heuristic partitioning. Kazhdan et al. [1] solve a Poisson problem that aligns the
gradient of the indicator function to the normals of the point cloud with a leastsquares fit, not robust to outliers. Manson et al. [40] similarly approximate the
indicator function with wavelets efficiently designed to compute basis coefficients
with local sums over an octree. Calakli and Taubin [41] use instead a signeddistance function to represent the surface, but also rely on least squares to fit the
normals and include screening and regularization terms. While the Hessian regularization introduces derivatives of higher order and limits the basis functions,
the screening improves accuracy by fitting the input points to the zero-level set
of the implicit function and has been lately adopted by [2]. For this reason, our
model includes a screening term together with a robust Huber penalty to fit the
normal field and allow for sharp edges. Existing methods account for sharp features by explicit representations [42,43,36] or anisotropic smoothing [44,45,46];
they are fast but depend on local operators that do not seek a global optimum.
Our reconstruction combines benefits of global and local schemes. It is global
and does not involve heuristics on neighborhoods, while the basis functions are locally supported and adapt to the surface through the local refinement techniques
of the spline forests [18]; this can be viewed as a generalization of well-known
uniform splines [47,48,49]. Our minimization algorithm, however, departs from
standard isogeometric finite element formulations and is instead inspired by [50].

3

Variational Model

The reconstruction of a surface S from oriented points can be cast as a minimization problem to estimate the indicator function χ of the interior of the
3
surface. Let {xk , nk }N
k=1 be the oriented point cloud, with xk ∈ R the point
2
3
location and nk ∈S its associated normal; we estimate χ : R → R such that
S = {x : χ(x) = 0}, χ < 0 in the interior enclosed by S and χ > 0 outside.
We reconstruct S by observing that each point in {xk , nk }N
k=1 is a sample of
the gradient of the indicator function, that is, ∇χ(xk ) = nk . Given a continuous
field n that approximately interpolates these samples1 , n(xk ) = nk , we can
reconstruct S by finding the scalar function whose gradient best matches this
1

We approximate n with a standard ℓ2 projection into a linear B-spline basis defined
over the same grid as χ. We omit here the details to focus on reconstruction.
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field. To account for noise in the data, we formulate the reconstruction as a
minimization, instead of interpolation, problem:
(
Z
N
1
|v|2
|v|2 < ǫ
αX
2
, (1)
f (n − ∇χ) +
min
χ(xk ) with f (v) = 2 2
ǫ
χ
2
3
)
|v|2 ≥ ǫ
ǫ(|v|
−
2
R
2
k=1
where α>0 is a model parameter. The Huber loss function f is a convex and
differentiable penalty that avoids two artifacts of least squares: shrinkage of
thin structures and smoothing of sharp edges as the square norm over-penalizes
outliers. It overcomes these limitations by using different penalties for small
errors and outliers, but results in a minimization harder to solve than the Poisson
problem of a least-squares fit. The second term in (1) sets the points as soft
interpolation constraints for the zero-level set of χ and is a generalization of the
screening term of [51], but defined over a sparse set of points rather than R3 .
Since χ only contains surface information in its zero-level set, we approximate
it with an adaptive spline forest basis defined over a non-uniform grid. Each
basis function is a (smooth) piecewise polynomial inferred from the local knot
structure of the underlying spline forest. For a complete description of spline
forest basis functions we refer the reader to [18]. In one dimension, a spline forest
is a hierarchical B-spline as illustrated in Figure 1, where the basis functions that
span the hierarchical spline space are indicated by solid lines. The multi-level
adaptive nature of the basis is evident. Similarly, in higher dimensions the first
level of the hierarchy is as a NURBS or T-spline.

Fig. 1: Basis functions for a three-level quadratic hierarchical spline space, where
Nil denotes the i-th spline function at level l. Basis functions are indicated by
solid colored lines, functions that are linearly dependent on higher-level functions
by dashed colored lines, and inactive functions by grey dotted lines. The finite
elements correspond to the cells in green.

Our method is related to the Poisson reconstruction of [2], but our representation of the surface, model, and minimization technique are different. In terms
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of the model, we propose a robust Huber penalty on the normals to be resilient
to outliers, instead of the least-squares penalty of [2]. We represent χ with spline
forests from isogeometric analysis – instead of uniform splines over an octree not
defining a basis – to use h- and p-refinement to adapt our representation to the
complexity of the surface, not to the noisy point cloud. Finally, our minimization exploits the convexity of (1) to develop an efficient primal-dual algorithm,
instead of finite-element methods that cannot handle the Huber loss function.

4

Minimization Algorithm

To exploit the convexity of the functional in the minimization, we discretize the
integral in (1) with standard quadrature rules used with non-uniform splines:
Z

f (∇χ − n) ≈

R3

Q
X

wi f (∇χ(pi ) − n(pi )),

(2)

i=1

where {pi , wi }Q
i=1 are the quadrature points and their weights. Finding the location and value of {pi , wi }Q
i=1 that best approximates the integral is a classical
problem with exact solution for polynomials. By restricting χ to the span of the
hierarchical basis {NA }nA=1 , we confine the minimization to coefficients c ∈ Rn :
min
c

Q
X

N
X
αXX
[
cA NA (xk )]2 .
wi f (
cA ∇NA (pi ) − n(pi )) +
2
i=1

(3)

k=1 A

A

We solve (3) efficiently with the primal-dual algorithm [52] by providing
closed-form solutions for each proximal update. We choose a first-order method
because the size of the problem makes second-order methods unfeasible. The
convexity of each term in the objective allows us to re-formulate the minimization
as a saddle-point problem that is separable and easy to solve in each variable.
Let P ∈ R3Q×n be the matrix with block components Pij = ∇Nj (pi ) and
F (V ) =

Q
X

N

wi f (Vi − n(pi )), G(c) =

i=1

αXX
[
cA NA (xk )]2 ,
2
k=1

A

we can write (3) as the constrained minimization
min F (V ) + G(c) s.t. V = P c
c,V

(4)

and use convex analysis to find the equivalent saddle-point problem with dual
variable λ ∈ R3Q , F ∗ the convex conjugate of F , and the inner product h·, ·i:
max min − F ∗ (λ) + G(c) + hλ, P ci.
λ

c

(5)
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This formulation allows us to apply the primal-dual algorithm of Chambolle
and Pock [52], which solves (5) by iteratively solving the following sub-problems:
1
λn+1 ← min σF ∗ (λ) + kλ − λn − σP c̄n k2
λ
2
1
n+1
c
← min τ G(c) + kc − cn + τ P ∗ λn+1 k2
c
2

(6)
(7)

where c̄n+1 = cn+1 +θ(cn+1 −cn ), P ∗ is the adjoint of P , and τ, σ, θ are algorithm
parameters. As G is strongly convex, our algorithm can be further accelerated
by updating parameters τ, σ, θ according to Alg. 2 in [52].
The efficiency of the proposed algorithm comes from the spatial separability
of F ∗ and from the ability to find closed-form solutions for each of the minimization problems. The derivation of closed-form solutions is detailed next, and
Algorithm 1 summarizes the resulting updates, which are easy to parallelize.
Initialize c = 0, λ = 0, c̄ = c. Choose τ, σ > 0, θ ∈ [0, 1].
while kcn+1 − cn k > 1−4 do
P
λ̂n
i −σn(pi )
with λ̂ni = λni + σ A c̄nA ∇NA (pi )
ǫ(wi +σ),|λ̂n
−σn(p
)|
)
i
2
i
PQ
[In + ατ M ]−1 ĉ with ĉA = cnA − τ i=1 ∇NA (pi ) · λn+1
n+1
n+1
n

λn+1
= ǫwi max(
i

cn+1 =
c̄n+1 = c
+ θ(c
−c )
end
Algorithm 1: Primal-dual minimization algorithm.

Minimization in dual variable: Let λ̂ = λ+σP c̄, we solve the minimization
in λ (6) through Moreau’s identity [53]:
1
λ̂
σ
λ ← min σF ∗ (λ) + kλ − λ̂k2 ⇐⇒ λ = λ̂ − σV ∗ , V ∗ ← min F (V ) + kV − k2 .
λ
V
2
2
σ
The minimization in V is decoupled spatially in each quadrature point as follows:
min
V

Q
X
i=1

wi f (Vi − n(pi )) + 0.5σ(Vi − σ −1 λ̂i )2 = min
|
{z
} V1 ,...,VQ
hi (Vi )

Q
X

hi (Vi ).

(8)

i=1

It is thus solved by independently minimizing hi (Vi ) in each each Vi ∈ R3 . Due to
the convexity and differentiability of the Huber norm, the optimality conditions
are obtained by differentiating the objective function with respect to Vi ; i.e.,
ǫwi

Vi∗ − n(pi )
+ σVi∗ − λ̂i = 0.
max(ǫ, |Vi∗ − n(pi )|2 )

(9)

After some algebra, we obtain the closed-form update for the dual variable,
λi = ǫwi

λ̂i − σn(pi )
max( ǫ(wi + σ), |λ̂i − σn(pi )|2 )

.

(10)
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Minimization in primal variable Let ĉ = cn − τ P ∗ λn+1 , the minimization
in c (7) is the least-squares problem
min ατ
c

N X
X
X
[
cA NA (xk )]2 +
(cA − ĉA )2 ,
k=1

A

(11)

A

whose optimality conditions lead to the sparse linear system: c + ατ M c = ĉ.
Indeed, differentiating with respect to cB and equating to 0 gives
ατ

N
X X
X
[
NA (xk )NB (xk ) ]cA + cB = ĉB ⇐⇒ cB + ατ
MAB cB = ĉB ,
A

k=1

A

P

PQ

with coefficients MAB = k NA (xk )NB (xk ), ĉA =
− τ i=1 ∇NA (pi ) · λn+1 .
As M is fixed, we only decompose it once for all the primal-dual iterations.

5

cnA

Refinement

We start our reconstruction with first-order splines over a coarse uniform grid
and refine the basis in two stages: we first refine the resolution of the basis
by partitioning cells with large values of the objective function or interpolation
error, and we then increase the degree of basis elements over cells where first
order splines have large objective values. Refinement is illustrated in Figure 3(d).
5.1

h-Refinement: minimizing point-cloud and surface errors

For every cell Ωi in our grid, we compute the error between the continuous
approximation
to the normal field and the input normal at the sampled points,
P
e(Ωi ) = xk ∈Ωi |n(xk ) − nk |2 , and refine the cells whose error is larger than
the average mean error over the grid. The size of the cells is thus determined by
the input point cloud, not by the reconstructed surface, and is sensitive to noise.
This first refinement assures an accurate approximation of the normal field n
from the samples and is used to obtain a first approximate surface.
Given this first estimate of χ, we refine the mesh based on the error in the
reconstructed surface. To be robust
P to outliers, we measure this error with the
Huber penalty, that is, es (Ωi ) = xk ∈Ωi f (∇χ(xi ) − ni ), and refine cells whose
error is larger than the mean error over the grid. Compared to h-refinement based
on the interpolation error, this new criterion is robust to noise in the point cloud
and implicitly measures the complexity of the surface’s geometry over each cell.
5.2

p-Refinement: Degree Elevation

Elevating the degree of the spline basis allows to better approximate smooth
regions and represent higher-order geometric properties of the surface. Higherorder splines, however, lead to computationally more demanding models that
smooth out corners; for this reason it is critical to only increase the degree of the
spline basis over cells where the surface is smooth. We thus increase the degree
of the spline basis over cells already refined, but with large residual objective.
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Experimental Results

We perform experiments with two kinds of data: synthetic data with ground
truth, and point clouds obtained from structured-light scanning with a Kinect
camera [54]. Kinect data suffers from non-uniform noise, large scanning gaps and
artifacts. We use the synthetic point clouds for quantitative evaluation and the
noisy ones to test reconstruction with data with real noise and artifacts.
Our first experiment does not include refinement to focus on our first contribution, the use of a robust penalty for the normal field. Figure 2 compares
our model to a least-squares fit equivalent to the Poisson reconstruction of [2]
without the octree structure. Our model reconstructs a cube with sharp corners and avoids shrinkage artifacts in the horns and legs of the cow. In all our
experiments, we hand-picked the best parameters for each model.
Our second experiment investigates the effects of refinement in the accuracy
of the reconstruction, see Figure 3. We again compare our model to the leastsquares model of [2] –where refinement is defined by point density through the
octree– implemented with our spline forest to focus on the refinement strategies. For synthetic data both models perform similarly, showing how a correctly
refined basis compensates for the use of a non-robust penalty. For noisy data,
however, our method reconstructs more accurately the topology of the cleaning
spray of Figure 4, while refinement based on point density replicates the artifacts
in the noisy point cloud. The effects of p-refinement, which is only possible in
our isogeometric framework, are analyzed in Figure 3(c). This kind of refinement
allows us to obtain both smooth regions and sharp edges within a single surface.
A third set of experiments shows that model and implementation lead to reconstructions comparable to state-of-the-art techniques [1,2,41]. Table 1 presents
a quantitative comparison of the methods with synthetic or high quality point
clouds that have been perturbed, by sub-sampling or adding noise to the point
locations, and evaluates the Haussdorf distance to the reconstructed surface. All
the methods lead to reconstructions with similar mean Haussdorf distance, but
the average reconstruction time of our algorithm – with a resolution comparable
to the octree-based methods – is an order of magnitude larger than [1,2,41] with
the current non-optimized code. Finally, Figure 5 shows a qualitative comparison
with a noisy point cloud scanned with Kinect: our method is better at recovering
shape and topology from noisy data, e.g., the holding hands of the statue.

7

Conclusions and Future Work

We reconstruct surfaces from corrupted point clouds by formulating the problem
as a convex minimization that is robust to outliers, avoids the shrinking bias of
least squares, and is able to recover sharp corners as well as smooth regions.
For an efficient parametrization, we approximate the implicit function with a
hierarchical B-spline forest that locally adapts its resolution and smoothness to
the surface. This allows us to dynamically refine the reconstruction guided by
the surface, instead of the input point cloud, and be robust to noise and artifacts.
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(a) Least-squares

(b) Our model

(c) Least-squares
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(d) Our model

Fig. 2: Reconstruction in uniform grid: Poisson reconstruction rounds the cube’s
corners and shrinks the cows horns because least-squares fits overpenalize outliers, our robust model overcomes avoids this limitation with a Huber penalty.

(a) Least-squares

(b) Our model

(c) p-ref, ours

(d) Hierarchy

Fig. 3: Refinement: 3(a) h-refinement of least-squares model 2(c); 3(b) hrefinement of our model 2(d); 3(c) p-refinement of 3(b). The Hierarchical mesh
3(d) with first-level elements in blue, second level in gray, and third level in red.

(a) Point cloud

(b) Point density

(c) Interpolation err. (d) Reconstruct. err.

Fig. 4: Reconstruction with different refinement criteria: refinement based on
point density, (4(b)) like [1,2,41,40], or on the interpolation error (4(c)) reconstruct the artifacts present in the point cloud, while refinement based on the
reconstruction error recover the right shape in the cleaner’s head. (4(d)).

(a) Point cloud

(b) Ours

(c) Method [2]

(d) Method [41]

Fig. 5: Comparison of our model to state-of-the-art methods [2,41]. Our model
better recovers the shape of the faces and hands of the statues: avoids disconnecting the joined hands ([2]) or their merging with the person’s arms ([41]).
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Table 1: Average reconstruction time and Haussdorf distance dD (10−2 distance
units) between the point cloud and the reconstructed surface.
dD subsampled point cloud perturbed point-cloud time (s)
bunny cow horse cube bunny cow horse cube
[1] 0.074 4.85 0.237 6.25 0.086 3.04 0.232 4.65 2.7
[41] 0.065 1.72 0.107 1.16 0.069 1.80 0.108 2.37 1.2
[2] 0.073 4.84 0.232 3.94 0.337 3.07 0.249 4.58 2.8
ours 0.0708 2.92 0.143 2.37 0.0768 3.38 0.137 3.05 476

Hierarchical spline forests and isogeometric analysis are powerful tools for
vision and imaging and open a new line of future work, from more efficient
implementations that exploit the capabilities of GPU to new isogeometric models
designed for the noisy data and unknown geometries common in computer vision.
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