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Abstract– We proposea modelof theshape,motionandappearanceof a scene,seenthrough

asequenceof images,thatcapturesocclusions,scenedeformations,arbitraryviewpoint variations

andchangesin its radiance.This model is basedon a collectionof overlappinglayersthat can

moveanddeform,eachsupportinganintensityfunctionthatcanchangeover time. Wediscussthe

generalityandlimitationsof thismodelin relationto existing onessuchastraditionaloptical�o w

or motion segmentation,layers,deformabletemplatesanddeformotion. We thenillustratehow

this modelcanbeusedfor inferenceof shape,motion,deformationandappearanceof thescene

from a collectionof images. The layeringstructureallows for automaticinpaintingof partially

occludedregions.We illustratethemodelonsyntheticandrealsequenceswhereexistingschemes

fail, andshow how suitablechoicesof constantsin themodelyield existingschemes,from optical

�o w to motionsegmentationandinpainting.

1



1 Intr oduction

We are interestedin modelingvideo sequenceswherechangesoccur over time due to viewer

motion, motion or deformationof objectsin the scene– including occlusions– andappearance

variationsdueto the motion of objectsrelative to the light sources.A suitablemodelwill trade

off generality, by allowing variationsof shape,motionandappearance,with tractability, by being

amenableto inferenceandanalysis.Thegoalof modelingis to supportinference,anddepending

on theapplicationonemaybemoreinterestedin recoveringshape(e.g.in shapeanalysis,classi�-

cation,recognition,registration),or recoveringmotion(e.g. tracking,optical�o w), or appearance

variations(e.g. segmentation)includingrestoration(inpainting). Traditionally, themodelingtask

hasbeenapproachedby makingstrict assumptionson someof theunknowns in orderto recover

theothers,for instancethebrightness-constancy assumptionin optical �o w, or theaf�ne warping

in shapeanalysisandregistration. This is partly justi�ed becausein any image-formationmodel

thereis ambiguitybetweenthe threefactors– shape,motionandappearance– andthereforethe

mostgeneralinferenceproblemis ill-posed.In someapplications,for instancevideocompression,

theambiguityis mootsinceall thatmattersis for themodelto capturethesequenceasfaithfully

andparsimoniouslyaspossible.Nevertheless,sinceall threefactorsaffect the generationof the

image,amoregermaneapproachwouldcall for modelingall threejointly, thenlettingcomplexity

dictatethe responsibilityof eachfactor, and the applicationdictatethe choiceof suitableregu-

larizersto make the inferencealgorithmswell posed.We thereforeconcentrateour attentionon

modeling,not on any particularapplication.So, this is not yet anotherpaperon tracking,nor on

motionsegmentation,noronoptical�o w, noronshaperegistration.It is a little bit of all.
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We proposea modelof imageformationthat is generalenoughto captureshape,motionand

appearancevariations(Section2), andsimpleenoughto allow inference(Section4). We want

to beableto captureocclusionphenomena, henceour modelwill entail a notionof hierarchy or

layering; wewantto captureimagevariability dueto arbitrarychangesin viewpointfor non-planar

objects,henceourmodelwill entail in�nite-dimensionaldeformationsof theimagedomain.Such

deformationscanbe due to changesin viewpoint for a rigid scene,or changesof shapeof the

sceneseenfrom a staticviewpoint,or any combinationthereof.Our modelwill not attemptto re-

solve this ambiguity, sincethatrequireshigher-level knowledge.Furthermore,we wantto capture

large-scalemotionof objectsin thescene,asopposedto deformations,hencewe will allow for a

choiceof a �nite-dimensionalgroup,e.g. Euclideanor af�ne, separatefrom in�nite-dimensional

deformations.Finally, we want to capturechangesin appearance,hencesceneradiancewill be

oneof theunknownsin our model.Changesin radiancecancomefrom changesin re�ectanceor

changesin illumination,includingchangesin themutualpositionbetweenthelight sourcesandthe

scene;again we do not attemptto resolve this ambiguity, sincethat requireshigher-level knowl-

edge.The image-formationmodelwe proposeis not themostgeneralthatonecanconceive; far

from it. Indeed,it is far lessgeneralthanthesimplestmodelsconsideredacceptablein Computer

Graphics,andweillustratethelackof generalityin Section3. Nevertheless,it is moregeneralthan

any othermodelusedsofar for motionanalysisin ComputerVision,aswediscussalsoin Section

3, andis complex enoughto bebarelytractablewith theanalyticalandcomputationaltoolsat our

disposaltoday. We posethe inferenceproblemwithin a variationalframework, involving partial

differentialequations,integratednumericallyin the level setframework [15], althoughany other
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computationalschemeof choicewould do, includingstochasticgradientsor Markov-chainMonte

Carlo. Thepoint of this paperis to proposea modelandshow that it canbeinferredwith at least

oneparticularcomputationalscheme,not to advocatea particularoptimizationtechnique.

1.1 Relation to existingwork

Thiswork relatesto awidebodyof literaturein scenemodeling,motionestimation,shapeanalysis,

segmentation,andregistrationwhich cannotbeproperlyreviewed in the limited spaceavailable.

In Section3 we illustrate the speci�c relationshipbetweenthe model we proposeand existing

models. Theseinclude Layers [21, 12], which only model af�ne deformationsof the domain

andcanthereforeonly captureplanarscenesundersmall viewer motion or small aperture,and

wherethereis no explicit spatialconsistency within eachlayerandtheappearanceof eachlayer

is �x ed. As we will illustrate,our modelallows deformationsthatcanmodelarbitraryviewpoint

variation,model layer deformationandenforcespatialcoherencewithin eachlayer. Onecould

think of ourwork asageneralizationof existingwork onLayersto arbitraryviewpointchanges,or

arbitrarysceneshape,andto changesin radiance(texture),all castwithin a principledvariational

framework.

Our work relatesto a plethoraof variationalalgorithmsfor optical �o w computation,for in-

stance[18, 1, 8] andreferencestherein,except that we partition the domainandallow arbitrary

smoothdeformationsas well as changesin appearance(that would violate the brightnesscon-

stancy constraintsthatmostwork on optical �o w is basedon,with a few exceptions,e.g. [10]). It

alsorelatesto variousapproachesto motionsegmentation,wherethedomainis alsopartitionedand
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allowedto movewith asimplemotion,e.g.Euclideanor af�ne, seefor instance[7] andreferences

therein.Suchapproachesdonotallow deformationsof theregionboundaries,or changesin thein-

tensitywithin eachregion. Furthermore,they realizeapartition,ratherthanahierarchy, of domain

deformations,soourmodelcanbethoughtof asmotionsegmentationwith moving anddeforming

layerswith changesin intensityandinpainting[3]. In this, our work relatesto [19], exceptthat

we allow layersto overlap. So, our work canbe thoughof asa layeredversionof Deformotion

with changesin region intensities.Also relevant to our work is [17] whereonedistancefunction

is registeredto anotherusingrigid andnon-rigidtransformations.Our work relatesto deformable

templates[9, 14], in the sensethat eachof our layerswill be a deformabletemplate.However,

we do not know theshapeandintensitypro�le of thetemplate,sowe estimatethatalongwith the

layeringstructure.A onelayerversionof our work is similar to [20] wheretheauthordescribes

energieson themanifoldG � M whereg 2 G is a groupaction(possiblya C1 diffeomorphism

or anaf�ne transformation)andM is a manifoldconsistingof a collectionof landmarkpointsor

images).For theexampleof G beingthesetof C1 diffeomorphismsandM beingthesetof im-

ages,thegeodesicbetweentwo points(g1; m1); (g2; m2) 2 G� M describesmetamorphosesfrom

one(group,image)pair to another. Our work is alsorelatedto active appearancemodels[6, 2],

in thatwe seekthesamegoal,althoughratherthanimposingregularizationof shapeandappear-

anceby projectiononto suitably inferredlinear subspaceswe employ genericregularizers.One

canthereforethink of our work asa generalizationof active appearancemodelsto smoothshape

and intensity deformations,cast in a variationalframework. Of coursethis work relatesmore

genericallyto active contours,e.g. [4, 13, 5, 16] andreferencestherein. In the next sectionwe
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introduceour model,andin Section4 we illustrateourapproachto infer its (in�nite-dimensional)

constitutive elements.

2 Modeling

We representa sceneasa collectionof L overlappinglayers. Eachlayer, labeledby an index

k = 1; : : : ; L , is a functionthathasassociatedwith it a domain,or shape
 k � R2, anda range,

or radiance� k : 
 k ! R+ . Layer boundariesmodel the occlusionprocess,andeachlayer k

undergoesa motion, describedby a (�nite-dimensional)groupactiongk , for instancegk 2 SE(2)

or A(2), anda deformation, or warping, describedby a diffeomorphismwk : 
 k ! R2, in order

to generateanimageI atagiventime t. Thewarpingmodelschangesof viewpoint for non-planar

scenes,or actualchangesin theshapeof objectsin thescene.Sinceeachimageis obtainedfrom the

givensceneafteradifferentmotionanddeformation,weindex eachof the image'scorresponding

variables by t: gk
t , wk

t , andI t . Finally, sincelayersoccludeeachother, thereis a naturalordering

in k which,without lossof generality, wewill assumeto coincidewith theintegers:Layerk = 1 is

occludedby layerk = 2 andsoon. But sincethis occlusionmodelcouldchange,saylayerk = 2

goesbehindlayerk = 3 andthenlater layerk = 2 is in front of layerk = 3, thereis a function

l = maxf k j x 2 
 kg. This function l indicatesthe layer that will contribute to the intensity

at a pixel in a given imagewhich is the frontmostlayer that intersectsthe warpeddomain. For

simplicity weassumethat
 0 = R2 (thebackmostlayer, or “the background”).With thisnotation,

themodelof how thevalueof the genericimageI t : 
 0 ! R+ at the locationx 2 
 0 � R2 is

generatedcanbesummarizedasI t
�
gl

t � wl
t (x)

�
= � l (x); with x 2 
 l ; l = maxf k j x 2 
 kg: To
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simplify thenotation,we call x l
t

:= gl
t � wl

t (x), which sometimeswe indicate,for simplicity, asx t ,

sothat 8
>>><

>>>:

I t

�
x l

t

�
= � l (x); x 2 
 l

x l
t = gl

t � wl
t (x); l = maxf k j x 2 
 kg:

(1)

Ourgoalin thiswork is to infer theradiancefamily f � kgk=1 ;:::;L , theshapefamily f 
 kgk=1 ;:::;L , the

motionsf gk
t gk=1 ;:::;L ;t=1 ;:::;N andthedeformationsf wk

t gk=1 ;:::;L ;t=1 ;:::;N thatminimize thediscrep-

ancy of the measuredimagesfrom the ideal model(1), subjectto genericregularity constraints.

Sucha discrepancy is measuredby acostfunctional� (
 k ; � k ; wk
t ; gk

t ) to beminimized

� :=
NX

t=1

Z


 0

�
I t (x t ) � � l (wl

t
� 1

� gl
t
� 1

(x t ))
� 2

dxt + �
LX

k=1

Z

@
 k
ds

+ �
LX

k=1

Z


 k
kr � k(x)k2dx + �

L;NX

k;t=1

Z


 l
r (wk

t (x))dx (2)

subject to l = maxf k j x 2 
 kg:

Herer is a regularizingfunctional,for instancer (w) := j _wj + 1
j _wj wherej _wj is thedeterminantof

the jacobianof w. Sinceit is desirableto keepw to be a one-to-onefunction this regularizerr

keepsj _wj closeto one.If j _wj deviatesfrom 1 theneitherof termsj _wj and 1
j _wj getsbigger. � , � , and

� arepositive constants.Note that l is a function,speci�cally l : 
 0 ! Z+ . We have chosenthe

two-normfor thedata-dependenttermandtheregularizerfor simplicity, but otherchoiceswould

of coursedoaswell.
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3 Generality of the model

It canbeeasilyshown thateq. (1) modelsimagesof 3-D sceneswith piecewisesmoothgeometry

exhibiting Lambertianre�ection with piecewisesmoothalbedo1 viewedunderdiffuseillumination

from anarbitrarily changingviewpoint. It doesnot captureglobalor indirect illumination effects,

suchascastshadowsor inter-re�ections,complex re�ectance,suchasspecularities,anisotropiesor

sub-surfacescattering.Thesearetreatedasmodelingerrorsandareresponsiblefor thediscrepancy

betweenthemodelandtheimages,whichis measuredby � in eq.(2). Welumpthesediscrepancies

togetherwith sensorerrorsandimproperlycall them“noise.” Although far from general,(1) is

neverthelessa moreambitiousmodelthanhasever beenusedin thecontext of motionestimation

andtracking.In fact,many existingmodelsarespecialcasesof (1).

We start by showing how the model includestraditional optical �o w as a specialcase. In

particular, if we assumea singlelayer to representthewhole imagedomain(i.e. L = 0), a trivial

groupaction(i.e. g = I d) andno regularity in themodeledradiance� = � 0 (i.e. � = 0) thenthe

resultingminimizationproblemincludesonly theradiance� andthewarpsw1 = w0
1 andw2 = w0

2

asunknowns(we considerthe caseof just two imagesI 1 andI 2 for now). We arethereforeleft

with themuchsimplerenergy

� (�; w1; w2) =
2X

t=1

Z


 0

�
I t (x t ) � � (wt

� 1(x t ))
� 2

dxt + �
2X

t=1

Z


 0
r (wt (x)) dx: (3)

If our goal is just to �nd the warp w = w2 � w� 1
1 that registersI 1 to I 2 (throughthe common

1Themodelcanbefurthergeneralizedby allowing � l to bevector-valuedto captureasetof radiancestatisticssuch
asthecoef�cients of a �lter bankor othertexturedescriptors,but this is beyondthescopeof thispaper.
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radiancemodel� ), thenwe mayfurthersimplify thingsby settingw1 = I d andw2 = w, thereby

eliminatingyetanotherunknown andyielding (approximately, asweomit theJacobianof ! )

� (�; w) =
Z


 0
(I 1(x) � � (x))2 + (I 2(w(x)) � � (x))2 dx + �

Z


 0
r (w(x)) dx: (4)

Sincewehaveomittedthesmoothnesspenaltyon� , it is straightforwardto show for agivenchoice

of w that(4) is minimizedby setting� (x) to themeanof I 1(x) andI 2(w(x)). Thus,in this special

case(no smoothnesson � ) we mayreplacethejoint optimizationin (4) with a directoptimization

of w throughthissubstitutionof � . Theresultingenergy

� (w) =
1
2

Z


 0
(I 1(x) � I 2(w(x))) 2 dx + �

Z


 0
r (w(x)) dx; (5)

dependinguponthechoiceof theregularizerr (notethatr typically dependson thederivativesof

w ratherthanits directvalues),correspondsto eithertheclassicaloptical�o w in [11] or to oneof

its many variants.

Our modelhastheadvantageof not enforcingglobalregularization(regularizationis imposed

within layers,but not acrosslayers),of not comparingimagesto eachother, but to anunderlying

model(this carriessigni�cant advantageswhenit comesto robustnessto noise,aswe illustrate

with experiments),andof having anexplicit modelof theappearanceof thescene,which allows

“inpainting” individual layerswhile preservingtheirmotionboundaries.

ChoosingL = 1; w = I d; � = 0, � = 0 yieldsmotion segmentation,thathasalsobeenad-

dressedby many, seefor instance[7] andreferencesthereinfor thecaseof af�ne motiong 2 A(2).
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In motionsegmentationonepartitionsthedomaininto anumberof individually moving segments,

eachof whichis assumedto movewith aconstant(�nite-dimensional)motion.Likein optical�o w,

thereis nomodelof appearance,andthedata-dependenttermconsistsof thebrightnessconstancy

constraintwhich forcesdirectimage-to-imagecomparison:

� (gt ; 
 t ) =
X

t

Z


 t

(I t (x) � I t+1 (gtx))2dx + � L (
) (6)

whereL denotesthe lengthof the boundaryof the region 
 t . Note that, in this case,we have

allowed 
 to be oneof the unknowns sincewt is no longerpart of the inference,althoughone

couldeasilyde�ne 
 t
:= wt (
 0), aswehavediscussedin theprevioussection.

ChoosingL = 1; � = const; r (w) = kwk yieldsa modelcalledDeformotion in [19], andhas

alsobeenextendedto grayscaleimagesL = 1; r (w) = kwk. Ourwork is thenaturalextensionof

Deformotionto layers.

ChoosingL > 1; w = I d, 
 k unconstrainedandg 2 A(2) wouldyield avariationalversionof

theLayers model[21], thatto thebestof our knowledgehasnever beenattempted.Notethatthis

is differentthansimplervariationalmulti-phasemotionsegmentation,sincein thatcasethemotion

of a phaseaffectsthe shapeof neighboringphases,whereasin the model(1) layerscanoverlap

withoutdistortingunderlyingdomains.Onecanthink of theLayermodelasamulti-phasemotion

segmentationwith inpainting[3] of occludedlayersandshapeconstraints.

Themodelalsorelatesto deformable templates, where� = constin thetraditionalmodel[9]

and� = smooth in themoregeneralversion[14]. Anotherrelevantapproachis Active Appear-

anceModels wherethe regions,warpingandradiancesaremodeledaspointsin a linear space.
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wk
t (x) = wk

0(x) + W k(x)st (7)

wherew0 : 
 k ! R2 andW k : 
 k ! Rn denotesasetof basisfunctionsor principalcomponents,

andst 2 Rn ; t = 1; : : : ; N is a vectorof shapecoef�cients. Similarly,

� k
t (x) = � k

0(x) + P k(x)� t (8)

where� k
0 : 
 k ! R andP k(x) : 
 k ! Rn is a vectorof principalcomponents,and� t 2 Rn a

vectorof appearanceparameters.NotethatthefunctionsP k andW k have to satisfyorthogonality

constraints,andthesehave to beenforcedduring the inferenceof thebases.Themodel(1) does

not imposesuchrestrictions,andrendertheproblemwell-posedby genericregularizationinstead.

Finally, by virtue of theregularizationimposedon � , our schemerelatesto imageinpainting,

exceptthatwe performinpaintingbothby layer transferfrom multiple imagesandby regulariza-

tion. Theadvantageof our methodis that it canexploit whatever informationis there:If multiple

views areavailable,their contribution is weightedrelative to the harmonicinterpolationterm. If

only oneimageis available,thenintensityregularizationdictatesthe�lling process.

4 Infer ence

Minimizing the cost functional in (2) is a tall order. It dependsuponeachdomain
 k and it' s

boundary(a closedplanarcontour),its deformation(a �o w of planardiffeomorphisms)wk
t , the

radiance(a piecewise smoothfunction) � k , all of which are in�nite-dimensionalunknowns. In
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addition,it dependsonagroupactionperlayerperinstant,gk
t , andon theocclusionmodel,which

is representedby thediscrete-valuedfunction l(x) = maxf k j x 2 
 kg, andall of this for each

layerk = 1; : : : ; L .

The�rst simpli�cation is to noticethat,aslong aseachlayer is a compactregion boundedby

asimplesmoothcurve,thereis no lossof generalityin assumingthat
 k are�x ed.This is because

eachdiffeomorphismwk
t will acttransitively on it. Therefore,we assumethateachregion 
 k is a

circle in someof theexamples.While thereis nolossof generality, thereis a lossof energy, in that

if we wereallowed to alsooptimizewith respectto the initial regionswe would beableto reach

eachdeforminglayer fasterandwith lessenergy. This, however, doesnot enhancethegenerality

of the model,hencewe will forgo it for someexamples(seeFigure?? for an illustrationof this

effect).

Apartfrom thissimpli�cation, weproceedby minimizingthefunctional(2) usingsimultaneous

gradient�o ws with respectto thegroups(motion),theradiances(appearance)andthediffeomor-

phisms(deformation).Thedetailedevolution equationsarea bit complicateddependinguponthe

numberof layersandthe occlusionstructurebetweenlayers. To help avoid excessive subscript-

ing andsuperscriptingandmultiple-casede�nitions accordingto occlusionrelationships,we will

outlinesomeof thekey propertiesof thevariousgradienttermsfor thecaseof abackgroundlayer


 0, a singleimageI , anda singleforegroundlayer 
 1. We will also,to helpkeeptheillustration

simple,assumethat thegroupactiong0 andthewarpw0 for thebackgroundlayeraresimply the

identity transforms.This is thesimplestpossiblescenariothatwill allow us to still show thekey

propertiesof thegradient�o ws.
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Let x̂ = g1(w1(x)) and 
̂ 1 = g1(w1(
 1)) . With this notation,we may write the image-

dependenttermsin ourenergy functionalasfollows.

E =
Z


̂ 1

�
I (x̂) � � 1(x)

� 2
dx̂ +

Z


 0n
̂ 1

�
I (x) � � 0(x)

� 2
dx (9)

If g denotesany singleparameter(e.g.horizontaltranslation)of thegroupg1, thendifferentiating

yields

@E
@g

=
Z

@̂
 1

�
@̂x
@g

; N̂
� � �

I (x̂) � � 1(x)
� 2

�
�
I (x̂) � � 0(x̂)

� 2
�

dŝ + (10)

+2
Z


̂ 1

�
I (x̂) � � 1(x)

�
�

r � (x); inv
h�

w1
� 0

i @
@g

inv[g1](x̂)
�

dx̂

whereN̂ anddŝ denotethe outward unit normalandthe arclengthelementof @̂
 1 respectively.

We areableto notetwo things. First, the updateequationsfor the groupinvolve measurements

bothalongtheboundaryof its correspondinglayer(�rst integral) aswell asmeasurementswithin

thelayer's interior (secondintegral). Noticethatthis latterintegral vanishesif a constantradiance

� is utilized for the layer. We alsoseethat it is not necessaryto differentiatethe imagedataI .

Derivativeslandon theestimatedsmoothradiance� instead,which is a signi�cant computational

perkof ourmodelthatresultsin considerablerobustnessto imagenoise.

A similar gradientstructurearisesfor thecaseof the in�nite dimensionalwarpw (boundary-

basedtermsandregion-basedtermsfor eachlayer aresimilar to previous integrals). However,

additionaltermsarisein thegradient�o w equationsfor w dependinguponthechoiceof regular-

izationtermsin theenergy functional(smoothnesspenalties,magnitudepenalties,etc.).
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Thecurve evolution is alsosimilar to theboundary-basedtermfor theevolutionof g:

@C
@t

= �
� �

I (x̂) � � 1(x)
� 2

�
�
I (x̂) � � 0(x̂)

� 2
�

N̂ (11)

Finally, the optimality conditionsfor the smoothradiancefunctions� 0 and � 1 aregiven by the

following Poisson-typeequations.

� � 1(x) = �
�
� 1(x) � I (x̂)

�
; x 2 
 1 (12)

� � 0(x) =

8
>><

>>:

0; x 2 
̂ 1

�
�
� 0(x) � I (x)

�
; x 2 
 0 n 
̂ 1

(13)

Noticethatthebackgroundradiance� 0 is “inpainted” in regionsoccludedby theforegroundlayer


 1 by harmonicinterpolationfrom theboundaryof 
̂ 1, since� satis�esLaplace's equation� � 0 =

0. Onceall thetermsareput togetherwe cangeneratea gradient�o w thatsimultaneouslyevolves

all layer assignments,boundariesand intensities. In the next sectionwe illustratesomeof the

featuresof themodelandtheresultingoptimization,asit compareswith existingschemes.

5 Experiments

In the�rst experimentweillustratethecapabilityof ourmodelto trackdeforminglayers.In Figure

1 we show threesequencesof an imagewherea de�ating balloonis undergoing a rathererratic

motionwhile deformingfrom an initial waterdropshapeto a circularone,�nally to a spermato-

zoidal shape. On the top row of Figure 1 we show the layer boundariesfor a model that only
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allows for rigid deformationsof the initial contour(a circle) usinga singlescalingterm. This is

essentiallya variationalimplementationof the modelof [21]. As it canbe seen,it capturesthe

grossmotion of the balloon,but it cannotcapturethe subtlershapevariations. The secondrow

shows thesamethreesampleimageswith theboundaryof the�rst layersuperimposed,wherethe

layeris allowedto deformaccordingto themodelwehave introduced.Thedata�delity termused

is a Mumford-Shahtermsotheradiancesrepresentingeachlayeraresmoothfunctions.As it can

beseen,the layerchangesshapeto adaptto thedeformingballoon,all while capturingits rather

erraticmotion. TheaverageRMS errorperimagefor theaf�ne layermodelis 30.87,whereasthe

residualfor thecaseof thedeforminglayersis 5.51.More importantly, thephenomenologyof the

scene,visible in the�gure, hasbeencorrectlycaptured.

Figure1: TrackingaBalloon:Threesampleviewsareshown fromasequenceof ade�ating balloonmoving
with anerraticmotionwhile changingits shapefrom a drop-like shapeto a circle. In thetop row we show
theboundaryof the �rst layerasestimatedby a rigid layermodelwith a singlescalingtermthatdoesnot
allow for layerdeformation,akin to a variationalimplementationof traditionallayermodels.As it canbe
seen,the modeltracksthe motion of the layer, but it fails to captureits deformation.On the bottomrow
we show thesamethreeimageswith the�rst layersuperimposed,wherethelayer is allowedto bothmove
(rigidly) anddeform(diffeomorphically),yielding82%lowerRMSresidualerror, andcapturingthesubtler
shapevariations.

In thenext experimentwe illustrateall the featuresof our modelby showing how it recovers

the backgroundbehindpartially occludedlayerswhile recovering their motion anddeformation.

15



In Figure2 we show a few samplesfrom a datasetwherethesilhouetteof a moving handforms

a victory signwhile moving the relative positionbetweenthe �ngers. Thebackground,which is

partiallyoccluded,is aspiral.Hereweusetheaverageshapeastheinitial shapeof theforeground

layer to �nd its af�ne motion, and then the diffeomorphicwarp wi . Again we assumesmooth

radiancewithin eachlayer, sowhenwerecover thebackgroundlayerweshow aslightly smoothed

versionof thespiral(of coursewecouldfurthersegmenttheblackspiralfrom thebackgroundand

thusobtainsharpboundaries,but this is standardandwouldnothelpusillustratethefeatureof the

model,thereforewedonot illustrateit here.)

Figure2: Victory sign,with deforminghand,moving in front of apartiallyoccludedbackgroundportraying
aspiral.Thegoalhereis to recover theradianceof eachlayer(thespiralin thebackgroundandtheconstant
blackintensityof thehand),aswell asthemotionanddeformationof theforegroundlayer. Notethatcurrent
layermodelsbasedonly on af�ne motionwould fail to capturethephenomenologyof this sceneby over-
segmentingtheregion into threeregions,eachmoving with independentaf�ne motion.Ourmodelcaptures
theoverall motionof the layerwith anaf�ne group,andthenthe relative motionbetweenthe �ngers asa
deformation,aswe illustratein thenext �gure 3.

In Figure3 we illustratethe resultsof this experiments,arrangedto summarizethemodeling

process.On thetop row we show therecoveredlayers.Sincewe areassuminga smoothradiance

within eachlayer, wecanonly recoverasmoothedversionof thespiral.Theselayersaredeformed

accordingto adiffeomorphism,oneperlayer, de�ned onthedomainof thelayer(secondrow) and
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thenmovedaccordingto anaf�ne motion.Thethird row showstheimagegeneratedby themodel,

which canthereforebethoughof asa generative (althoughdeterministic)modelsinceit performs

comparisonat the imagelevel, not via someintermediaterepresentation.Thecorrespondingim-

agesaredisplayedin thelastrow, with thelayerssuperimposedfor comparison.

The�rst setof experiments,usingstandardsequencesusedfor optical�o w analysis,is designed

to illustratethe differencebetweenour modelandstandardoptical �o w. A representative setof

resultsof the motion �eld estimatedby optical �o w (left) and our model (right) is reportedin

Figure5. Our modeldoesnot rely on global regularization,but only regularizationwithin each

layersegmentedin Figure4. Therefore,theboundariesof themotion�eld arebetterresolved.

Naturally, our modelis a supersetof thosecommonlyusedfor optical �o w computation.We

illustratethis point by reducingtheweightof thesmoothnesstermfor � in Figure6, which yields

resultscloserto standardoptical �o w. In comparisonto the groundtruth vector�eld, the vector

�eld givenby optical �o w hasanaverageangularerrorof 8.12. Deformotionwith a smoothness

weight � of 200givesanaverageangularerrorof 9.99. Reducingthesmoothnessweight � to 20

givesanaverageangularerrorof 8.11which is closerto theresultof optical�o w.

A bene�cial side-effect of having an explicit model of the scene,simple as it is (a regular

irradiancepattern,with smoothnesscontrolledby � ), is the possibility of comparingindividual

imagesto a (noiseless)model,ratherthancomparingnoisy imagesto eachother. Theeffectsare

visiblein Figure8, wherethe�o w �eld obtainedwith ourmodelonarti�cially corruptedsequences

(Figure7) is far closerto thecleanerversionof thesequencethanusingstandardoptical�o w.

Thecomparisonwith optical �o w illustratesthenecessityfor partitioningthedomaininto in-
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dependentlymoving objects.This is amotionsegmentationtask.Therefore,herewecompareour

modelwith morestandardonesthatpartition the �o w into af�ne segments,while still relying on

thebrightnessconstancy constraintandwithout anexplicit modelof theappearanceof thescene.

Suchmodelscanbeobtainedsimplyby increasingtheregularizationof thelayerdeformation(i.e.

theentirelayermoveswith thesame�nite-dimensionalmotion: translational,Euclideanor af�ne).

Figure9 illustratesthiseffect.

Note thatour model,by virtue of having anexplicit representationof theappearanceof each

layer, canautomatically�ll in theappearanceof underlyinglayers,aswe illustratein Figure10.

In Figure11 we illustrateinpaintingusingour model. In this examplethereis somecamera

jitter, which makes it so the whiteboardsin the two imagesare not quite lined up. Also there

hasbeensomecorrputionof the imageswhich is modeledasthe foregroundlayer that is moved

aroundvia an af�ne group. The whiteboard(backgroundlayer) is recoveredwith its own af�ne

registrationandtheinpaintedwhiteboardis shown.

Theconclusionwe would like to draw from theseexperimentsis thatour model,beinga su-

persetof existing schemes(optical �o w, motion segmentation,deformotion,inpainting),allows

theuserto applyexisting algorithmssimply by properchoiceof constants.Naturally thepriceto

pay for such�e xibility andfor the addedpower stemmingfrom a richermodelis computational

complexity. However, all the experimentswe have shown have beenrun on a pentiumM 2GHz

PCandtakes� veminutesper1000iterations.
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6 Discussion

Wehavepresentedagenerativemodelof theappearance(piecewisesmoothalbedo),motion(af�ne

transformation)anddeformation(diffeomorphism)of asequenceof imagesthatexhibit occlusions.

We have usedthis modelasa basisfor a variationaloptimizationalgorithmthat simultaneously

tracksthe motion of a numberof overlappinglayers,estimatestheir deformation,andestimates

thealbedoof eachlayer, includingportionsthatwerepartially occluded.Whereno informationis

available,thelayersareimplicitly impaintedby their regularizers.

This modelgeneralizesexisting layer modelsto the caseof deforminglayers. Alternatively,

onecan think of our algorithmasa layeredversionof deformabletrackingalgorithms,or asa

generalizedversionof optical �o w or motion segmentationwheremultiple layersareallowed to

occludeeachotherwithoutdisturbingtheestimateof adjacentandoccludedones.

Ournumericalimplementationof the�o w-basedalgorithmuseslevel setmethods,andis real-

izedwithout takingderivativesof theimage,afeaturethatyieldssigni�cant robustnesswhencom-

paredwith boundary-basedapproachto estimatingoptical �o w. We have illustratedour approach

on simplebut representative sequenceswhereexisting methodsfail to capturethe phenomenol-

ogy of thesceneby eitherover-segmentingit, or by failing to captureits deformationwhile only

matchingits af�ne motion.
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Figure3: Multiple LayersMappingontoMultiple Images:Theinferenceprocessreturnsanestimateof the
albedoin eachlayer(top). Sinceweareassumingsmoothalbedo,thespiralis smoothed.Thedeformationof
eachlayeris estimated(secondrow) togetherwith its af�ne motion,to yield anapproximationof theimage
(third row). This is usedfor comparisonwith themeasuredimages(bottomrow) thatdrivestheoptimization
scheme.
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Figure4: RotatingSphereandsegmentationobtainedusingdeformotion
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Figure5: OpticalFlow vs. GroundTruth vs. Deformotion:Standardoptical �o w (left) imposes
global regularization,which resultsin errorsat theboundary(thevector�eld is morespreadout
thanthe modelproposed,on the right). The groundtruth is in the middle. The averageangular
errorsfor optical �o w anddeformotionare11:49� and6:31� respectively. Thestandarddeviation
for theangularerrorsare1:37� and1:44� . Theparametersandregularizationconstantsusedwere
dt= 0:2, iterations= 10000, � = 10(data�delity), � = 0:5, (smoothnessof w), � = 5 (smoothness
of � ).
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Figure6: Optical �o w (left) canbeobtainedfrom thegeneralmodel(right) by allowing � ! 0.
Comparetheresultswith parametersdt= 0:028, iterations= 71000, � = 20, � = 0:55, � = 20on
thebottomrow with 200on themiddle row. Note that the two models(left andright) arecloser
on thebottomrow. In comparisonto thegroundtruthvector�eld, thevector�eld givenby optical
�o w hasan averageangularerror of 8.12. Deformotionwith a smoothnessweight of 200gives
anaverageangularerrorof 9.99.Reducingthesmoothnessweightto 20givesanaverageangular
errorof 8.11which is closerto theresultof optical�o w.
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Figure7: YosemiteSequencewith addedGaussiannoiseof zeromeanandvarianceof 0:05 and
groundtruth in themiddle.

Figure8: Flow Fieldsfor Optical Flow, GroundTruth, andDeformotion: Oneof the bene�cial
effectsof having a modelof theappearanceof thesceneis betterrobustnessto noise.In standard
optical�o w imagesarecomparedto eachotherdirectly, resultingin fragility to independentnoise
sources.We show resultswith addedGaussiannoisewith zeromeanandvarianceof 0:05. The
bene�t or robustnessto noiseis offset by the addedcomplexity of having to estimatea smooth
function to approximatesceneradiance.(Parametersusedfor deformotion:dt= 0:2, iterations=
10000, � = 2, � = 1:0, � = 4.) (Parametersusedfor optical �o w: dt= 0:083, iterations= 24000,
� = 2, � = 2.) The parametersusedprovided the bestsolutionfor eachmethod. The average
angularerrorsfor optical�o w anddeformotionare26.24and20.24respectively.
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Figure 9: The model proposedcan be usedto perform motion segmentationby increasingthe
regularization� of thedomaindeformationfor eachlayer(parametersused:dt= 0:2

4000, iterations=
20000, � = 20, � = 4000, � = 2000).
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Figure10: Our modelyields“inpainted” layers.Thetop row shows theboundariesof layers,the
middlerow thereconstructedappearanceof thelayers(� ) andthebottomrow thewarpings(w). Pa-
rametersused:dt= 0:2, iterations= 2000, � = 20, � = 1:0, � = 0:8, � = 3:0 (arclengthweight).
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Figure11: ImageInpaintingwith our model. First two images:corruptedimagesof a teacher's
whiteboardwith somecamerajitter, Lastimage:Imageinpaintingresult.
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