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Abstract. We present an algebraic geometric approach to 3-D motion estimation and segmentation of multiple
rigid-body motions from noise-free point correspondences in two perspective views. Our approach exploits the
algebraic and geometric properties of the so-cattedribody epipolar constraint and its associateghuitibody
Sfundamental matrix, which are natural generalizations of the epipolar constraint and of the fundamental matrix to
multiple motions. We derive a rank constraint on a polynomial embedding of the correspondences, from which one
can estimate the number of independent motions as well as linearly solve for the multibody fundamental matrix. We
then show how to compute the epipolar lines from the brst-order derivatives of the multibody epipolar constraint
and the epipoles by solving a plane clustering problem using Generalized PCA (GPCA). Given the epipoles and
epipolar lines, the estimation of individual fundamental matrices becomes a linear problem. The clustering of the
feature points is then automatically obtained from either the epipoles and epipolar lines or from the individual
fundamental matrices. Although our approach is mostly designed for noise-free correspondences, we also test its
performance on synthetic and real data with moderate levels of noise.
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1. Introduction unknown number of rigid-body motions from a set of
noise-free point correspondences in two perspective
A classic problem in visual motion analysis is to es- views. Rather than alternating between feature cluster-
timate a motion model for a set of 2-D feature points ing and single-body motion estimation, our approach
as they move in a video sequence. When the scene isalgebraically eliminates the feature clustering stage and
static, the problem of btting a 3-D model compatible directly solves for the motion parameters in an alge-
with the structure and motion of the scene iswell under- braic fashion. This is achieved by btting a multibody
stood (Hartley and Zisserman, 2000; Ma et al., 2003). motion model to all the image measurements and then
For instance, it is well-known that two views of a scene factorizing this model to obtain the individual motion
are related by the so-called epipolar constraint and that parameters. The Pnal result is a natural generalization
the motion of the camera can be estimated using linear of the geometry of the classical two-view structure from
techniques such as the eight-point algorithm (Longuet- motion problem (epipolar constraint, fundamental ma-
Higgins, 1981). However, these techniques can not deal trix and eight-point algorithm) to the case of multiple
with dynamic scenes in which different regions of the  rigid-body motions.
image obey different motion models due to depth dis-  Section 2 studies the geometry and algebra of the
continuities, perspective effects, multiple moving ob- multibody structure from motion problem. We intro-
jects, etc. duce thenultibody epipolar constraint as a geometric
Motion estimation and segmentation refers to the relationship between the motion parameters and the im-
problem of btting multiple motion models to the scene, age points that is satisped by all the correspondences,
without knowing which feature points are moving ac- regardless of the body with which they are associated.
cording to the same model. Previous work (Feng and We show that the multibody epipolar constraintis bilin-
Perona, 1998) solves this problem by Prst clustering ear on a polynomial embedding of the correspondences
the features corresponding to the same motion using and linear on the so-calleguitibody fundamental ma-
K-means or spectral clustering, and then estimating a trix F, an algebraic structure encoding the parameters
single motion model for each group. This can also be of all rigid-body motions. We then study the geometric
donein a probabilistic framework (Torr, 1998) inwhich  properties ofF and prove that the embedded epipoles
a maximum-likelihood estimate of the parameters of of each independent motion are the intersection of the
each motion model is sought by alternating between left null space ofF with the so-called Veronese surface.
feature clustering and single-body motion estimation  Section 3 presents an algebraic geometric algorithm
using the Expectation Maximization (EM) algorithm. for estimating the number of motions, the motion pa-
However, the convergence of EM to the global max- rameters and the clustering of the correspondences. We
imum depends strongly on initialization (Torr et al., Prstderive a rank constraint on the matrix of embedded
2001). correspondences from which one can estimate the num-
In orderto deal with the initialization problem, recent  ber of independent motionsas well as linearly solve
work has concentrated on the study of the geometry of for the multibody fundamental matri. Givenr and
dynamic scenes. Even for drastically simpliPed motion F, we show that one can estimate the epipolar line as-
models, such as multiple points moving linearly with sociated with each correspondence from the brst-order
constant speed (Han and Kanade, 2000; Shashua andierivatives of the multibody epipolar constraint at the
Levin, 2001) orinaconic section (Avidan and Shashua, correspondence. By applying this process to all the cor-
2000), multiple points moving in a plane (Sturm, 2002), respondences, we obtain a collection of epipolar lines
or multiple translating planes (Wolf and Shashua, that must intersect at the epipoles. The estimation
2001), the geometric aspects of the problem are non- of the epipoles is then equivalent to a plane clustering
trivial. More general motion models have only been problem, which we solve algebraically using Gener-
studied in the case of orthographic cameras observ-alized Principal Component Analysis (GPCA) (Vidal
ing multiple rigid-body motions (Costeira and Kanade, etal., 2005, 2004, 2003). Given the epipoles and epipo-
1995; Kanatani, 2001; Vidal and Hartley, 2004) and lar lines, the estimation of individual fundamental ma-
in the case of two perspective cameras observing two trices becomes a linear problem. The clustering of the
rigid-body motions (Wolf and Shashua, 2001). feature points is then automatically obtained from ei-
In this paper, we present an algebraic geometric ther the epipoles and epipolar lines or from the individ-
approach to the estimation and segmentation of an ual fundamental matrices. Since our technique is based
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on solving linear systems, taking derivatives of multi- Let {X/ € R3}Ii\’=1 be a collection of points in 3-D

variate polynomials, and computing roots of univariate space lying on the moving objects. We denote the

polynomials, 3-D motion segmentation can be solved image of a poinX’/ € R® with respect to image frame

in closed form if and only if the number of motions is I;asx) e P, forj =1,...,Nandf = 1,2. In

at most four. order to avoid degenerate cases, we will assume that
Although our 3-D motion segmentation algorithm the image points{xi,} are in general position in 3-D

is mostly designed for noise-free correspondences, in space, i.e., their corresponding 3-D points do not all

Section 4 we present experiments on synthetic data thatlie in any critical surface, for example. We will drop

evaluate the performance of our approach with respectthe superscript when we refer to a generic image pair

tomoderate levels of noise. We also apply our algorithm (x,, x,). Also, we will use the homogeneous represen-

to the segmentation of an indoor sequence. tationx = [x, y, z]” torefer to an arbitrary image point
_ in P2, unless otherwise stated.
Remark 1. Although the proposed algebraic geomet-  |n this paper, we are concerned with the following

ric algorithm is algebraically equivalent to the fac- proplem.

torization of symmetric tensors, we avoid the use of

tensorial notation throughout the paper, because algo-

rithms based on polynomial algebra are computation- Problem 1 (Two-view multibody structure from motion

ally more straightforward and better established. As a Problem.)

consequence, this paper requires little background be-Gjyven a collection of image pair{$xj, xé)}ﬁv:l corre-

yond conventional linear and polynomial algebra. sponding to an unknown number of independently and
rigidly moving objects, estimate the number of inde-
pendent motions, the fundamental matricds;}!_;,

2. Multibody Epipolar Geometry and the object to which each image pair belongs.

In this section, we generalize classical epipolar geom-

etry to the case of multiple rigid-body motions. We 2-2-  The Multibody Epipolar Constraint

introduce the multibody epipolar constraint and the ) . ) . )
multibody fundamental matrix, and analyze some of Let (x1, x2) be an arbitrary image pair associated with
their algebraic and geometric properties. any of then moving objects. Then, there exists a fun-

damental matrixF; € R3*3 such that the following

] ) ) epipolar constraint (Longuet-Higgins, 1981) is satis-
2.1. Two-View Multibody Structure From Motion bed

Problem
T
Consider a scene containing amknown numbern of ¥z Fix1 =0. (1)
rigidly moving objects and lefg; (1) € SE(3)}/_, rep-
resent their poses at time If we assume that the
objects are being observed by a moving perspectiv
camera whose pose at timds go(r) € SE(3), then
the motion of objeci relative to the camera between

Therefore, regardless of the object to which the image
e pair belongs, the followingnultibody epipolar con-

straint must be satisbed by the number of independent

motionsn, the fundamental matricgs;}7_, and the

two frames at timesandt + 1, is given by R;, T;) = image pair £1, x2)

8i(r + L)go(t + 1) go()gi(1) ™" Let F; € R be 0

the fundamental matrix associated with ttle rigid- E(xq, x2) = x!Fx; =0. )
body motion R;, 7;) € SE(3) fori = 1,...,n. That i1

is, F; = K;T[Ti]<R:K; ', wherek; € R¥% is the

camera calibration matrix, and;]x € so(3) is the The multibody epipolar constraint eliminates the prob-
skew-symmetric matrix representing the cross product lem of clustering the correspondences by taking the
with 7;. We assume that therigid-body motions are  product of the epipolar constraints. Although this is not
independent from each other, i.e., we assume that the the only way of algebraically eliminating feature clus-
n fundamental matricegF;}?_, aredifferent (up to a tering, we will see shortly that (2) has the advantage
scale factor). of being a polynomial inxXy, x2) with a nice algebraic
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Figure 1. Two views of two independently moving objects with two different rotations and translatiBpsr{) and (R», 7») relative to the
camera frame.

structure. For instance, we will show that the multi- bilinear in the image points and linear in the funda-
body epipolar constraint is an irreducible polynomial mental matrix, the multibody epipolar constraint (2) is
of minimal degree:, whose coefbcients can be easily bi-homogeneous in the image points and multilinear in
estimated from data, and whose derivatives encode thethe fundamental matrices. A standard technique usedin
motion parameters. algebra to render a nonlinear problem linear is to bnd
an OembeddingO that lifts the problem into a higher-
Example 1 (Two rigid-body motions). Imagine the dimensional space. To this end, notice that the multi-
simplest case of a scene containing only two indepen- body epipolar constraint debPnes a homogeneous poly-
dently moving objects as shown in Fig. 1. In this case, nomial of degreea in each ofc; andx,. For example, if
both image pairsi}, x3) and &2, x3) satisfy the equa- ~ weletx; = [x1, y1, z1]”, then Eq. (2) viewed as a func-

tion tion of x, can be written as a linear combination of the
following monomials{x?, x7 ty;, x¥ 2y, ..., Z4}. It
x3Fix; xyFox; =0 is readily seen that there are a total of
for F; = [T1]«R1 and F» = [T»]« R,. This equation m,= " t2 _ (+10r+2) 3)
is no longer bilinear but rather bi-quadratic in the two 2 2

imagesx; andx, of any pointX on one of these ob- ) ) . )
jects. Furthermore, the equation is no longer linear in different monomials, thus the dimension of the space of

Fy or F> but rather bilinear in £y, F2). However, if homogeneous polynomials in 3 variables with real co-
sufbciently many image pairs{, x») are given, we efbmentg |S\/In.'|'_h§refore,we can dePne the following
can still recover some information about the two fun- €mbedding (or lifting) fronR? into R

damental matrice$; and F, from such equations, in )

spite of the fact that we do not know the object or mo- Définition 1 (Veronese map (Harris, 1992)). The
tion to which each image pair belongs. An algorithm Veronese map of degree: is dePned as, : R® — RM»
specibcally designed for this special case=2) was
presented in Wolf and Shashua (2001). In this paper,
we provide a general solution for an arbitrary number
of motionsn.

Yy - [x,y,z]Tr—>[...,x1,...]T, (4)

wherex’ is a monomial of the form"1y"2z"3, with
0 < nq, no, n3 < n, n1 + n» +n3 = n, andx’ ordered
in the degree-lexicographic order.
2.3.  The Multibody Fundamental Matrix
Example 2 (The Veronese map of degree two). The
The multibody epipolar constraint allows us to convert Veronese map of degree= 2 is given by, (x, v, z) =
the multibody structure from motion problem (Prob- [x?, xy, xz, y%, vz, z%]" € RE.
lem 1) into one of solving for the number of indepen-
dent motions: and the fundamental matric¢s; }!_; Thanks to the Veronese map, we can convert
from (2). However, while the epipolar constraint (1) is the multibody epipolar constraint (2) into a bilinear



expression i, (x1) andv,(x,) as stated by the follow-
ing theorem.

Theorem 1 (The bilinear multibody epipolar con-
straint)  The multibody epipolar constraint (2) can
be written in bilinear form as

T
v, (x2)" Fu,(x1) =0, (5)
where the entries of F € RM>Mu gre symmetric mul-
tilinear functions of degree n on the entries of the fun-
damental matrices {F;}!_;.

Proof: Let [1= Fx; € RS fori = 1,...,n.
Then, the multibody epipolar constraififxi, x;) =

*_1(x2 [)lis a homogeneous polynomial of degree
in X2 = [XZ, Y2, Zz]T, i.e.,

ni nz _ng

5(361, x2) = QnynzngXo Yo 22

= a,xé = v,(x2) a,

wherea € RM is the vector of coefbcients. From the
properties of polynomial multiplication, each is a
symmetric multilinear function ofii]. . ., L), i.e., itis
linear in each,Anda; (1) . ., LY=a;([sdy.. . . .Lody)
forall 0 € &,, whereS, is the permutation group
of n elements. Since eadhls linear inxq, eacha; is

in turn a homogeneous polynomial of degre@ x4,
i.e.,a; = flv,(x1), where each entry of ; € R is

a symmetric multilinear function of the entries of the
F;0s. Letting

F = [f0.000 fn1105---» foon]’ € RMxM:

we obtain

E(x1, x2) = vp(x2)" Fuy(x1) = 0.
|

We call the matrixF themultibody fundamental matrix,

because itis a natural generalization of the fundamen-

tal matrix to multiple motions. Since Eq. (5) clearly

resembles the bilinear form of the epipolar constraint

for a single rigid-body motion, we will refer to both
Egs. (2) and (5) as thewltibody epipolar constraint
from now on.

Remark 2. The multibody fundamental matrix is a
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of all the fundamental matrices
F(r(l) & F(r(2) ®---® Frr(n)’ (6)

oeS,

with &,, the permutation group of elements an®
the tensor product.

Although the multibody fundamental matrif
seems a complicated mixture of all the individual fun-
damental matrice$y, ..., F,, we will show in Sec-
tion 3 that, under some mild conditions (e.g., s
are different), one can still recover all the individual
fundamental matrices froi% by looking at the prst-
order derivatives of the multibody epipolar constraint.
Before doing so, we shall further explore some alge-
braic and geometric properties of the multibody funda-
mental matrix.

2.4.  Null Space of the Multibody Fundamental
Matrix

In this section, we study the relationships between
the multibody fundamental matrix and the epipoles
e1,...,e, associated with the fundamental matrices
Fi, ..., F,.X First of all, recall that the epipole as-
sociated with theth motion in the second image is
debned as the left kernel of the (rank-2) fundamental
matrix F;, that is

eiTFi =0. (7)
Therefore, each epipotg,i = 1, ..., n, satispes that

Vx € R3, eTan

l

= v,(e;)" Fu,(x) = 0.

eiTle eiTng

(8)

We call the vectop, (e;) theembedded epipole associ-
ated with the'th motion. Since,(x) as a vector spans
the entireRM» whenx ranges oveR? (or P?),2 from (8)
we have

va(e)TF=0 for i=1,...,n. 9)
Therefore, the embedded epipolgs(e;)}’_; lie on
the left null space ofF while the epipolege;};_, lie
onthe left null space dfF;}?_,. Hence, the rank of is
bounded above depending on the number of different
epipoles (up to a scale factor) as stated by Lemmas 1

matrix representation of the symmetric tensor product and 2 below.



12 Vidal et al.

Lemma 1 (Null space ofF when the epipoles are dif-

ferent). Let F be the multibody fundamental matrix
generated by the fundamental matrices Fi, ..., F,. If
the epipoles e, . . ., e, are different (up to a scale fac-
tor), then the (left) null space of F € RM*Mx contains
at least the n linearly independent vectors

va(e)) e RM =1 ... n. (10)
Therefore, the rank of the multibody fundamental ma-
trix F is bounded above by

rank(F) < (M, — n). (12)

Proof: We only needto show thatif tkeOs are differ-
ent up to a scale factor, then thge;)Os are linearly in-

know if the n-dimensional subspace spanned by them
is equal to the left null space ¢f. That is, we do not
know if rank(F) = M, — n. We conjecture that this is
true when the: epipoles are different up to scale.

Let us now consider the case in which one of the
epipoles is repeated. In this case, the null spacg of
is actually enlarged by higher-order derivatives of the
Veronese map as stated by the following Lemma.

Lemma 2 (Null space ofF when one epipole is re-
peated). Let F be the multibody fundamental matrix
generated by the fundamental matrices Fi, . . ., F, with
epipoles e1, ..., e,. Let e1 be repeated k times, i.e.,
e1 = --- = e (up to scale), and let the other n — k
epipoles be different. Then the rank of the multibody

Sfundamental matrix F is bounded by

dependent. Ifwe let; = [x;, y;, z;]7,fori = 1,...,n, rank(F) < My = M1 = (n = k). (12)
then we only need to prove that the rank of the follow- Proof: Whenk = 2, e; = e, is a Orepeated
ing matrix rootO ofv,(x)” F as a polynomial (matrix) inx =
[x1, x2, x3]T. Therefore, its brst-order partial deriva-
va(en)” tives must vanish ax = ey, i.e., Dy,(e])’ F =
va(e2)” [2lea) Duale) Bul)TF = 0. This givesM; = 3
U= linearly in epenJent vectors in the left null space of
F, namely the columns dbv, (e1), becausdv,(x) is
v (en)” full rank for all x € P2,* ande; # 0. Furthermore, we
WLy il also have thatx € R3, nv,(x) = Dv,(x)x. Therefore,
Lo 1A L ! L the span of the columns dbv,(e1) containsv,(e1),
X3 Xy Y2 X3 Z2 ... 2 M, but does not contaim,(e;) for i = 3,...,n. Hence
- : o < R rank(F) <M, — M1 —(n—1)=M, -3 —(n—1).
Nowif k > 2, all partial derivatives aof,,(x)” F of order
B e Tt M less thark must vanish at = e;. Furthermore, since

is exactlyn. Since thee;Os are different up to a scale
factor, we can assume without loss of generality that so
are{[x;, z;]}'_, and that;; # 03 Then, after dividing
theith row of U by 7z and lettingy; = x;/z;, we can
extract the following Van Der Monde sub-matrix Gf

ot 2
U |
V= € R,

tn—l tn—2 1

, o
Since det{) = i<j(r,- —t;), the Van Der Monde ma-
trix V has rank: if and only if 74, . . ., 1,, are different.
Hence rankl/) = rank(V) = n. O

Although we know that the linearly independent vec-
torsv,(e;)Os lie on the left null space #t we do not

nv,(x) = Dv,(x)x, all the derivatives of order less
than ¢ — 1) atx = e;, including the embedded epipole
v,(e1), must lie in the span of the derivatives of order
(k — 1). Asin the cas& = 2 one can show that these
M, _1 partial derivatives are linearly independent and
that their span does not contain the ottt embedded
epipoleqv,(e;)}_; 1. This gives atleas¥l; _1+(n—k)
linearly independent vectors in nullj. The readers are
referred to Fan and Vidal (2005) for further details.

O

Example 3 (Two repeated epipoles). Inthe two-body
problem, if F; and F, have the same (left) epipole,
then the rank of the two-body fundamental matfixs
bounded above byf, — M; —(2—-2)=6—-3=3
instead ofM, — 2 = 4.

Since the null space df is enlarged by higher-order
derivatives of the Veronese map evaluated at repeated



epipoles, in order to identify the embedded epipoles
v, (e;) from the left null space ofF we will need to
exploit the algebraic structure of the Veronese map
Let us denote the image of the real projective sfce
underv, asv,(P?).5 The following theorem establishes
a key relationship between the null spacefofind the
epipoles of each fundamental matrix.

Theorem 2 (Veronese null space of multibody funda-
mental matrix) The intersection of the left null space

of the multibody fundamental matrix F, null(F), with
the Veronese surface v,(P?) is exactly

null(F) N v, (P?) = {va(e)}iy- (13)

Proof: Letx e P? be a vector whose Veronese map
is in the left null space of. We then have

v(x)TF =0« Vy € P?, v,(x)T Fr,(y) = 0.
SinceF is a multibody fundamental matrix, for this

we have that

n

v@) Fu(0) = (" Fiy) =0.
i=1

Vy € IP’Z,

If xTF, # Oforalli = 1,...,n, then the set of
that satisfy the above equation is simply the union of
n 2-dimensional subspaceslii, which will never pll
the entire spacB?. Hence we must have’ F; = 0 for
somei. Thereforex must be one of the epipoles.t

The signibcance of Theorem 2 is that, in spite of the
fact that repeated epipoles may enlarge the null space
of F, and that we do not know if the dimension of
the null space equaisfor different epipoles, one may
always bnd the epipoles exactly by intersecting the left
null space ofF with the Veronese surface, (P?), as
illustrated in Fig. 2.

However, even though Theorem 2 gives a nice con-
ceptual description of the relation between the multi-
body fundamental matri£ and the multiple epipoles
{ei}!_;, it does not provide a computational algorithm
for estimating the individual epipoles from the inter-
section of nullF) with v, (P?). One possible approach,
explored in Wolf and Shashua (2001) for= 2 and
generalized in Vidal et al. (2002) ip> 2, consists of
determining a vector € R” such thatBv € v, (P?),
where B is a matrix whose columns form a basis for

Two-View Multibody Structure from Motion 13

vn (P?)

Rl\/f n

Figure 2. Theintersection of,,(P2) and null(F) is exactlys points
representing the Veronese map of thepipoles, repeated or not.

the left null space ofF. Findingv, hence the epipoles,
is equivalent to solving for the roots of polynomials of
degreen in n — 1 variables. Although this is feasible
for n = 2 and even fon = 3, it is computationally
formidable forn > 3.

In the next section, we propose a completely dif-
ferent approach for estimating the epipoles. We brst
estimate a set of epipolar lines from the derivatives
of the multibody epipolar constraint and then cluster
the epipolar lines using GPCA. Given the epipoles and
epipolar lines, the estimation of the individual funda-
mental matrices becomes a linear problem.

3. Multibody Motion Estimation and
Segmentation

Up until now, we have been mostly concerned with the
study of the geometry and algebra of the multibody
structure from motion problem. From now on, we will
concentrate on the computational aspects of the prob-
lem. More specibcally, this section proposes an alge-
braic geometric algorithm for estimating the number of
motions, the fundamental matrices and the clustering
of the image points. The algorithm proceeds as follows.
Section 3.1 shows how to estimate the number of mo-
tionsn and the multibody fundamental mati from

a rank constraint on the embedded correspondences.
Section 3.2 shows how to estimate the epipolar line as-
sociated with each image pair from the partial deriva-
tives of the multibody epipolar constraint. Section 3.3
shows that the estimation of the epipoles is equivalent
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to a plane clustering problem which can be solved in an corresponding to 3-D points in general configura-
algebraic fashion using GPCA. Section 3.4 shows how tion and undergoing an unknown number n of in-
to estimate the individual fundamental matrices from dependent rigid-body motions with nonzero transla-
epipoles and epipolar lines and Section 3.5 shows how tion. Let V; € RY*M? be the matrix defined in (15),
to cluster the image points from either the epipoles and but computed using the Veronese map v; of de-
epipolar lines or from the individual fundamental ma- gree i > 1 Then, if the number of image pairs
trices. Section 3.6 summarizes our multibody structure is big enough (N > M? — 1 when n is known)
from motion algorithm and analyzes some of its prop- and at least 8 points correspond to each motion, we
erties. have

>Mi2—1, if i<n,
rank(V;) =M?—1, if i=n, (17)
<M?—-1, if i>n.

1

3.1. Estimating the Number of Motions n and the
Multibody Fundamental Matrix F

Notice that, by debnition, the multibody fundamental
matrix F depends explicitly on the number of indepen- '
dent motions:. Therefore, even though the multibody 8V by
epipolar constraint (5) id&near in F, we cannot use

it to estimateF without knowingn in advance. Fortu-
nately, one can use the multibody epipolar constraint
to derive a rank constraint on the image measurements
from which one can computeexplicitly. Givenn, the
estimation ofF becomes &near problem. To see this,

let us brst rewrite the multibody epipolar constraint (5)
as

Therefore, the number of independent motions n is
n=min i:rank(V;) =M? -1 . (18)

Proof: Let Z; be the set of pointsx(, x,) that sat-
isfy xJ Fix; = 0. Since each fundamental matix
has rank 2, the polynomiap; = x] Fx; is irre-
ducible over the real bel®, i.e., it can not be fac-
tored as a product of nonconstant polynomials with
real coefbcients. This implies that any polynonpal
in (x1, x2) that vanishes on the entire s&t must be
of the form p = p;h, whereh is some polynomial.
Hence, ifF1, ..., F, are different up to scale, a poly-
nomial that vanishes on the set_, Z; must be of the
formp = pi1p,- - - p,h for someh. Therefore, the only
polynomial ofminimal degree that vanishes aff_, Z;

(Vn (x2) ® Vn(xl))Tf =0, (14)

where f € RM: is the stack of the rows of and®
represents the Kronecker product. Given a collection
of image pairg(x1, xg)};vzl, the vectorf satisbes the
system of linear equations

T is
Yy x% X v, x%
T
) vnxg RV, x% pP=Dpip2...Pn = nglxl ngle ...ngnxl.

Since the rows oV, are of the form,, (x2) ® v, (x1))”
vy XY @, xV r and the entries o_fn(xz) ® vu(x1) are exactly the ind_e-
pendent monomials gf (as we will show below), this
In order to determing uniquely (up to a scale factor)  implies that if the number of data points per motion is

from (15), we must have that atleast 8 andv > M2 — 1, then:
rank(V,) = M? — 1. (16) 1. Thereisno polynomial of degreé 2 2n whose co-
efpcients are in the null spaceWf, i.e., ranky;) =
The above rank constraint on the matkiy provides M? > M? —1fori < n.
an effective criterion for determining the number of 2. There is a unique polynomial of degree Bamely
independent motions from the given image pairs, as p, Whose coefpcients are in the null spaceVof
stated by the following theorem. i.e., ranky,) = M? — 1.
3. There is more than one polynomial of degreée-2
Theorem 3 (Number of independent motions) 2n (one for each independent choice of the-24)-

Let {(x‘i,xé)}?’:l be a collection of image pairs degree polynomiak in p = pips--- p,h) with



coefbcients in the null space W, i.e., ranky;) <
Mi2 —1fori > n.

The rest of the proof is to show that the entries of
v (x2) ® v, (x1) are exactly the independent monomials
in the polynomialp, which we do by induction. Since
the claim is obvious for = 1, we assume that itis true
for n and prove it fom + 1. Letx; = [x1, y1, z1]” and
X2 = [x2, y2, 22]”. Then the entries af, (x2) ® v, (x1)
are of the form (5" y,"*25°) (x1" y1%21°) With my +mo+
mg = ny + nz + n3z = n, while the entries ok, ® x;
are of the form ;' y7z5)(x]* yi*z7?) With i +ix + i3 =
j1+ j2 + js = 1. Thus a basis for the product of
these monomials is given by the entriespf;(x;) ®

Vn1(x1). o

The signibcance of Theorem 3 is that the number of
independent motions can now be determined incre-
mentally using Eq. (18). Once the number of motions
is known, the multibody fundamental mattixis sim-
ply the 1-D null space of the corresponding matrix,
which can be linearly obtained. Nevertheless, in order
for this scheme to work, the minimum number of im-
age pairs needed 8 > M? — 1. Forn = 1,2, 3, 4,
the minimumn is 8, 35, 99, 225, respectively. If: is
large,N grows approximately in the order 6f(n*)Na
price to pay for working with a linear representation of
Problem 1. In Section 3.6 we will discuss many vari-
ations to the general scheme that will signibcantly re-

duce the number of data points required, especially for

largen.

Remark 3 (Estimatingn andF from noisy correspon-

dences). Inthe presence of a moderate level of noise,

if n is known we can still solve for the multibody fun-
damental matrixf in (15), in a least-squares sense:
we let f be the eigenvector of’[ V, associated with

its smallest eigenvalue. However, when the number of

motionsn is unknown we cannot directly estimate it
from (18), because the matrix; may be full rank for
all i. In this case, we computefrom a noisy matrix
V;as

. Uf,,z(vi)
n=argmin—_= +u M?—1, (19)
= w1 ot (Vi)

whereo (V) is thekth singular value o¥; andu is a
parameter. The above formula for estimatinig moti-

Two-View Multibody Structure from Motion 15

a data btting term and a model complexity term. The
data btting term measures how well the data is approx-
imated by the modelNin this case how close the matrix
V; is to dropping rank by one. The model complexity
term penalizes choosing models of high complexity b
in this case choosing a large rank.

3.2. Estimating the Epipolar Lines {Iﬂ;"zl

Given a pointx; in the brst view, the epipolar lines
associated with it in the second view are debned as
[ Fix; e P2, i =1,...,n. Inthe case of a single
motion @z = 1), we know from the epipolar constraint
that there is onlyne epipolar line[( 2 Fx; associated
with x; and that this line must pass through the corre-
sponding point in the second viewy, i.e.,xZ (= 0. In

the case of motions there are possible epipolar lines
{[JI_, associated with a point; in the Prst view, each
one corresponding to each one of thenotions. One

of thesen epipolar lines, say & []corresponds to
the actual motion at; and hence it must pass through
x2, i.e., there exists andsuch thate] [= 0. We will
refer to [ds the epipolar line associated with (x>).

We now concentrate on how to determine the
epipolar lineq [J"_, associated witlr; and the epipo-
lar line [Cdssociated withx(;, x2) from the multibody
fundamental matrixF. To this end, notice that i
is the multibody fundamental matrix associated with
{F;}!_4, then

E(x1,x2) = vn(xz)van(xl) = |

X} Fix

T
x, 1

i=1

(20)

Therefore, the vectof & Fv,(x1) € RM represents
the coefbcients of the homogeneous polynomial in

n(x) = (" " ). .. (" LY = v (x)T ED(21)

We call the vectort-the multibody epipolar line as-
sociated withe;. Notice that[5i$ a vector representa-
tion of the symmetric tensor product of all the epipo-
lar lines ). .., [Jand is in generator the Veronese
map (or lifting) v, (L) of any particular epipolar line
i =1,...,n. From (21) we notice that in order to
estimate the individual epipolar lin¢gJl'_, associated

vated by model selection techniques (Kanatani, 2002) with any image poink; from the multibody epipolar

in which one minimizes a cost function that consists of

line t,Wve can factorize the homogeneous polynomial of



16 Vidal et al.

degree, g,(x), into a product o homogeneous poly-
nomials of degree ong[ x)}"_,. We showed in Vidal
et al. (2003) that this polynomial factorization problem

has a unique solution (up to a scale for each factor) and jx,

that is algebraically equivalent to solving for the roots
of a polynomial of degree in one variable, plus solv-
ing a linear system in variables. We shall assume that
this polynomial factorization technique is available to
us from now on, and refer interested readers to Vidal
et al. (2003) for further details. Given such a factor-
ization of t'ito then epipolar lines [J}'_, associated
with x1, we can compute the epipolar lih&ssociated
with (x1, x2) as the vector; that minimizes £1 )P
fori=1,...,n

We can interpret the factorization of the multibody
epipolar linet/ 3= Fv,(x1) as a generallzauon of the
conventional Oepipolar transferO to multiple motions.
In essence, the multibody fundamental mafiallows
us to OtransferO a paintin the Prst image to a set of

spect tax; is given by

(Un(xz) Fon(x1)) = x5 Foxy (Fixq).

i=1 e£i
(22)

Therefore, if the image pairx{, x,) corresponds to
motioni, i.e., ifx] Fix, = 0, then

x5 Fexy (Fixq)
ki
~ Fix; =[]

(0 (x2) P () =
X2

(23)

In other words, the partial derivative of the multi-
body epipolar constraint with respectipevaluated at
(x1, x2) is proportional to the epipolar line associated
with (x1, x) in the second view. Similarly, the partial
derivative of the multibody epipolar constraint with re-

epipolar lines in the second image, the same way a spect tax; evaluated atx, x;) is proportional to the

fundamental matrix maps a point in the brst image to
an epipolar line in the second image. We illustrate the
multibody epipolar transfer process with the following
sequence of maps

v Epipolar Polynomial
eronese Transfer Factorization
X1 vn( 1) > ]:v,,(xl) > {II}:le’

as shown geometrically in Fig. 3.

There is however a simpler and more elegant way of
computing the epipolar liné€-dssociated with an im-
age pair £1, x2). Notice from Eq. (20) that the partial
derivative of the multibody epipolar constraint with re-

I I
1 el 2
T i fz
. €y | £,
.. en
—l T
Figure 3. The multibody fundamental matriX maps each point;

in the brst image te epipolar linesly]). . ., Lwhich pass through
then epipolesey, ..., e, respectively. One of these epipolar lines
must pass throughy.

epipolar line associated wittr{, x,) in the brst view.
Therefore, given a set of image pa{(sl, x2)}j 1, we
can obtain its corresponding collection &f epipo-
lar lines in the brst and second wem{ﬂjl” , and
{@1 '_,, from the brst-order derivatives of ‘the multi-
body epipolar constraint. We illustrate this multibody
epipolar transfer process with the following diagram

X2

Polynomial ‘L
Differentiation
va(xg) — > (|

Epipolar
Veronese Transfer
x1 —> v(x1) —> Fv

The only case in which this process fails is when a
particular image pairx(;, x2) belongs to two or more
motions, i.e., ifx] Fix; = x F;x; = 0 for somei #

Jj =1, .., n,because in this case the multibody epipolar
constraint has a repeated factor, hence its derivative at
the image pair is zero. We summarize our discussion
so far with the following theorem.

Theorem 4 (Epipolar lines from the multibody fun-
damental matrix) Let F € RM>*M: pe a multibody

fundamental matrix generated by n different funda-

mental matrices {F;}!_,. Also let (x1,x2) be an im-
age pair associated with only one of the motions, i.e.,
x3(F, — Fj)x1# Ofori # j = 1,...,n. Then one
can compute the epipolar line [ilassociated with the
image pair (x1, xX2) in the first view as

I—l_—l'\’ ai(vn (XZ)T]:Vn (xl))9 (24)
X1



and the epipolar line [y lissociated with the image pair
(x1, x2) in the second view as

b (o) P (25)
X2

Remark 4 (Computing derivatives of homogeneous
polynomials) In order to obtain the epipolar lines,
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In order for Eq. (27) to have a unique solution (up to
a scale factor), we will need to replacdy the number
of different epipoles (up to a scale factor) as stated by
the following theorem.

Theorem 5 (Number of different epipoles) Let
{ II}Jyzl be a set of epipolar lines corresponding to 3-D
points in general configuration and undergoing n in-

we need to compute the derivatives of a homogeneousdependent rigid-body motions with nonzero translation

polynomial of degree, g,(x) = ¢’ v,(x), with known

¢. Asimple calcglation shows thﬁg% = c”;"—x(kx) =

cT Ejvp_1(x), with E,, € NMxMi-1 g constant matrix
containing some of the exponentsigf{x). Therefore,
the computation of the derivatives is done algebraically,
i.e., it does not involve taking derivatives of the (possi-

bly noisy) data.

3.3.  Estimating the Epipoles {e;}}_;

Given a set of epipolar lines, we now describe how
to compute the epipoles. Recall that the (left) epipole
associated with each (rank-2) fundamental mafyix
R3*3 s debned as the vectar € P? lying in the (left)

null space ofF;, i.e.,el.TF,» = 0. Now let & P2 be

an arbitrary epipolar line associated with some image
point in the brst frame. Sincemust pass through one
of the epipoles (see Fig. 4), there exists auch that

e! (= 0. Therefore, every epipolar liriéhas to satisfy
the following polynomial constraint

po(DE el el 1., el T=¢'v,(D1=0, (26)

regardless of the motion with which it is associated.
We call the vectoe € RM: the multibody epipole as-
sociated with the: motions. As before¢ is a vec-
tor representation of the symmetric tensor product of
the individual epipolegs, ..., e, and it is in general
different from any of the embedded epipolege;),
i=1...,n.

Given a collectiorf I__f}lj.":l of N > M, — 1 epipo-
lar lines computed by either polynomial factorization
or polynomial differentiation, we can obtain the multi-
body epipolee € R¥: as the solution to the linear
system

v IjT
v (BY

¢=0. (27)

v ()7

(relative to the camera). Let P; € RN>*Mi be the matrix
of embedded epipolar lines defined in (27), but com-
puted using the Veronese map v; of degreei > 1. If the
number of lines is big enough (N > M,, — 1 when n is
known) and at least 2 lines pass through each epipole,
then

> Mi — 1, lfl < N,
rank(P,) =M; —1, if i =n,, (28)
<M; -1, ifi=>n,.

Therefore, the number of different epipoles n, < n is
given by

n. = min{i : rank(P;) = M; — 1}. (29)

Proof: See Vidal et al. (2005). O

Similarly to Remark 3, in the presence of noisy cor-
respondences we may estimate the number of different
epipoles as

n,= arg minﬂ + u(M; — 1) (30)
=i i ed(R)

whereo (P;) is thekth singular value of?; andu is a
parameter. Once the number of different epipoles has
been computed, the multibody epipates RM can
be obtained in a least-squares sense as the eigenvector
of P! P, associated with its smallest eigenvalue.
Oncee has been computed, the rest of the problem
is to compute the individual epipolgsg;};;. As il-
lustrated in Fig. 4, each epipoée corresponds to the
intersection of the epipolar lines associated withithe
motion. Since at this point we do not know yet which
epipolar lines correspond to which motion, we cannot
directly estimate the epipoles. However, we know that
for each epipolar lind_there exists an epipoke such
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I

Wi}

{41}

€1

o

Figure 4. Whenn objects move independently, the epipolar lines
in the second view associated with each image point in the prst view
formn, < n groups intersecting respectivelyatdifferent epipoles

(up to scale) in the second view.

thate! [ 2 0. Therefore, we have

T
€, |],‘ ~ ;.
i

a
a_lzfm(m
(31)

In other words, the partial derivative pf, (D-&valu-
ated at an epipolar linEi$ proportional to the epipole
associated with that epipolar line.

By applying (31) to the set oV epipolar lines
{ Ii}lyzl in the second view, we can compute their corre-
spondingV left epipoles. In the absence of noise, only
n. out of theN epipoles are different up to scale, hence
one may automatically obtain the epipoles{e;};*

and the clustering of the epipolar lines. In the presence

of noise, however, all th&V epipoles will be differ-
ent. Therefore, instead of computing one epipole for
each one of thev epipolar lines, we can obtain the
epipolesfe; i< ; directly by evaluating (31) at, lines
{1;}!<, passing through the, epipoles. In principle,
one could choose those lines from theN epipolar
lines, however we do not know which epipolar lines

where{t; € R}, are then, roots of then th-degree
univariate polynomiap,, (L1 + t£3). We have shown
the following result.

Theorem 6 (Epipoles from the multibody epipole)
Let n, and ¢ € RM« be the number of different
epipoles and the multibody epipole, respectively. Also
let L1 € P2 and L5 € P? be two randomly chosen
lines in the plane. The individual epipoles {e;}!, can
be obtained from the derivatives of p, (0= ¢ v, (0
as

_ Dp,, (D]

e; = i=1,...
1D, (D,

(33)

y e,y

where {l; = L1+ t; L5}, and {t; € R}, are the n,
roots of the univariate polynomial p, (L1 + tL>).

Remark 5 (Estimation of epipoles using GPCA)
Since each epipolar line must pass through one of
the epipoles, if we work in homogeneous coordinates
then we may interpret each epipolar line as a vector
& R3lyingin one out ofz, planes with normal vectors
{e; € P2} |. Therefore, the problem of estimating the
n. epipoles fromN epipolar lines is equivalent to the
problem of clusteringv data points lying om, planes
inR3. The GPCA algorithm of Vidal et al. (2004) gives
an algebraic solution to the more general problem of
clustering data lying on a collection of subspaces. The-
orem 6 is in essence a special case of GPCA.

Remark 6 (Estimation of epipoles in the presence of
noise). Noticethat Theorem 6is also applicable when
the correspondences are corrupted with a moderate
level of noise. As we alluded to earlier, one can esti-
mate the multibody epipole in a least-squares sense and
the derivatives op,, (O-hs described in Remark 4. The
roots of p,, (L1 + L) can also be computed, except

pass through which epipoles. We therefore choose thenat one may obtain complex roots when two epipoles

n. lines{l;}< , as follows. LetC; € P?and., € P? be
two randomly chosen lines in the plane. In order for the
line £, + L, with t € R to pass through one of the
epipoles we must have thag, (£1 + L) = 0. There-
fore, we can choose, lines{l;}/ ; passing through the
n. epipoles as

lLi=L1+tLr i=1,...n,, (32)

are similar or when the noise level is high. We refer the
interested reader to Vidal et al. (2004) for variations
of the GPCA algorithm that choose the lingg;<, in

a way that does not require solving for the roots of a
univariate polynomial.

Remark 7 (Left and right epipoles) Notice that one
may compute the set of right epipolgs;1}’_; such
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that Fie;1 = 0, in a similar fashion. We can just ap- 3.5. Clustering the Feature Points
ply Theorem 6 to the multibody epipoéeobtained by

solving the linear system in (27) from a set of epipolar Feature clustering refers to the problem of assigning
lines in the Prst (rather than the second) view. each image pal((xl, 2)}] 1, to the motion it cor-
responds. In the previous section we already showed
how to solve this problem by using epipoles and epipo-
3.4.  Estimating the Individual Fundamental lar lines. More specibcally, we assigned an image pair
Matrices {Fi}i_; (x], x}) to groupi if

Given the epipolar lineq II]IN , and the epipoles "

{e;}!<,, we now show how to recover each one of the i= ar%_Tinn e, O1°.

individual fundamental matricgg;}7_,. To avoid de- o

generate cases, we will assume that all the epipoles are

different up to scalé,i.e., Alternatively, one can also cluster the feature points
by using the already computed fundamental matrices.

Forexample, we canassignimage pa'r,(xj)to group
ne = N. (34) i if i 2

(37)

Since at this point both epipolar lines and epipoles
are known, we may cluster the epipolar lines and/or the
correspondences according to the motion they belong.
For instance, we can assign image paif, &3) and
epipolar line[}o groupi if

i= =argm m|n x}" Fux] ? (38)

.....

In the presence of noise, the square of the epipolar
constraint is only an algebraic way of measuring how
close an image paix(, x») is to satisfying the epipolar
i =argm min ! T2 (35) constraint. We therefore assign image paif, ;) to

the groupi that minimizes the square of the Sampson
error (Hartley and Zisserman, 2000), also known as

Once the epipolar lines and/or the correspondencesthe normalized epipolar constraint (Ma et al., 2001),

have been clustered, we can compute a fundamental”
matrix F; for each group by using either of the follow-
ing pr res: I"Fx]?
g procedures i —argmin  Eg(F) = *2 fin _
""" [63]><F[Tx£ + [63]><F(xi
(39)

1. Fundamental matrices from eight-point algorithm:
apply the eight-point algorithm to the image pairs
in groupi, wherei =1,...,n. wherees = [0, 0, 1]7 € R3.
2. Fundamental matrices from epipolar lines: If the
image pointx-{ belongs to group, then we must
have[F 1~ lei Therefore, we can compute funda- 3.6.  Two-View Multibody Structure from Motion
mental matrixF; by solving the set of equations Algorithm

We are now ready to present an algebraic geometric
algorithm for multibody motion estimation and seg-
(36) mentation from two perspective views. Given a collec-
tion of N > M? — 1 image paws{(xl,xz)} YA
gorithm 1 determlnes the number of mdependent mo-
tions n, the individual fundamental matriceg;}’_;
Notice that both of these procedures can also be ap-and the clustering of the image pairs. Therefore, Al-
plied in the case of noisy correspondences by solv- gorithm 1 is a natural generalization of the eight-
ing for the individual fundamental matrices in a least- point algorithm to the case of multiple rigid-body
sguares sense. motions.

[(1.Fix] =0 foralljingroupi =1,...,n
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Remark & (Comments about the algorithm) Algorithm 1 (Two-view multibody structure from mo-

tion algorithm).

1. Algebraic solvability. The only nonlinear part of
Algorithm 1 is to solve for the roots of a univari-
ate polynomial of degree in Step 5. Therefore,

Given a collection of image paifgx], xJ)}_; corre-
sponding taV points undergoing different rigid-body

. Repeated epipoles. If two individual fundamental

the multibody structure from motion problem is
algebraically solvable (i.e., there is a closed form
solution) if and only if the number of motions is
such that: < 4 (see (Lang, 1993)). When > 5,
the above algorithm must rely on a numerical solu-
tion for the roots of those polynomials.

matrices share the same (left) epipoles, we cannot
segment the epipolar lines as described in Step 6 of
Algorithm 1. In this case, one can consider the right
epipoles (in the brst image frame) instead, since it
is extremely rare that two motions give rise to the
same left and right epipolés.

. Special motions and structures. Algorithm 1

works for independent motions with nonzero trans-
lation and different epipoles and for 3-D points in
general conbguration. Future research is needed for

special motions such as pure rotation or repeated

left and right epipoles, and for special structures,
e.g., planar objects. We refer the interested reader
to Vidal and Ma (2004) for the study of some of
these cases, such as pure rotation and planar struc-
tures, by using homographies rather than fundamen-
tal matrices to model each rigid-body motion.

. Minimum number of feature points. A draw-

back of Algorithm 1 is that it needs a lot of im-
age pairs in order to compute the multibody fun-
damental matrix, which often makes it impracti-

cal for largen. However, one can signibcantly re- S.

duce the data requirements by incorporating partial
knowledge about the motion or the segmentation
of the objects with minor changes in the general
algorithm. We now discuss a few of such possible
variations.

(a) Multiple linearly moving objects. In many
practical situations, the motion of the objects
can be well approximated by a linear motion,
i.e., there is only translation but no rotation.

In this case, the epipolar constraint reduces to 7.

xg[e;]xxl =0 OreiT[xz]Xxl = 0, wheree; €

IP? represents the epipole associated with the
ith motion,i = 1, ..., n. Therefore, the vector
[=* [x2]x1 € P?is an epipolar line satisfying

the polynomiabp, (0= (ef D3 . . (] D=

motions relative to a moving perspective camera, re-
cover the number of independent motianshe funda-
mental matrixF; associated with motion=1, ..., n,

and the object to which each image pair belongs as
follows:

1. Number of motions. Apply the Veronese map;

of degreei = 1,2,...,n to the image points
{(x1, x3)})_; to form the embedded data matiiy

in (15). Compute the number of independent mo-
tionsn from a rank constraint ol; as described in
Remark 3.

2. Multibody fundamental matrix. Compute the

multibody fundamental matrixF as the least-
squares solution to the linear systey f = O

in (15), whereV,, is computed using the Veronese
mapv, of degreen.

Epipolar transfer. Compute the epipolar lines

{ Ii}lel in the second view associated with each im-
age pair{(x{, x})}""_, from the partial derivative of
the multibody epipolar constraint with respecito
evaluated at each image pair, as described in Theo-
rem4.

4. Multibody epipole. Use the epipolar lines’}}_,

to estimate the multibody epipokeas the coefp-
cients of the polynomiap,(0in (26) by solving
the linear systen®,¢ = 0 in (27), whereP, is the
matrix of embedded epipolar lines.

Individual epipoles. Compute the individual
epipolege; }"_; from the multibody epipole< R
by evaluating the derivatives @f, (D= ¢’ v, (DAt
then lines{l;, = £y + ;L) ;, whereL; and L,
are chosen at random af’_, are the roots of the
univariate polynomiap, (L1 + tL>).

. Individual fundamental matrices. Assign image

pair (x], x4) to motioni = argmin_y,__,(e! ).
Then obtain the individual fundamental matrices
{F;}'_, by applying the eight-point algorithm to
each group, as described in Section 3.4.

Feature clustering from fundamental matrices.
Assign image pairx}, x3) to motion; if

iT Jj?2
x5 Fpx;p

0. Given a set of image pairf(x}, x3)})_,



corresponding taV points undergoing: dif-
ferent linear motionge; € IP?};_,, one can use
the set of epipolar lines[71= [xj],x{}Y_; to
estimate the epipoles using Steps 4 and 5 of
Algorithm 1. Notice that the epipoles are re-
covered directly using polynomial differentia-
tion withour estimating the multibody funda-
mental matrixF brst. Furthermore, given the
epipoles, the fundamental matrices are trivially
obtained asF; = [e;]«. The clustering of the
image points is then obtained from Step 7 of
Algorithm 1. We conclude that if the motions
are linear, we only nee?d = M, — 1 image
pairs versusV = M2 — 1 needed in the gen-
eral case. So whemis large, the total number
of image pairs needed grows én?) for the
linear motion case versu(n?) for the general
case. Therefore, the number of feature points
that need to be tracked on each object grows
linearly in the number of independent motions.
For instance, when = 10, one only needs to
track 7 points on each object, which is a mild
requirement given that the case= 10 occurs
rather rarely in most applications.
Constant motions. In many vision and con-
trol applications, the motion of the objects in
the scene changes slowly relative to the im-
age sampling rate. Thus, if the sampling rate
is even, we may assume that for a number of
image frames, say:, the motion of each ob-
ject between consecutive pairs of images is the
same. Hencell the feature points correspond-
ing to them — 1 image pairs in between can
be used to estimate theme multibody funda-
mental matrix. In essence, this corresponds to
segmenting the trajectories of the image points
rather than the points themselves. For exam-
ple, whenm = 5 andn = 4, we only need to
track (M7 — 1)/4 = 225/4 ~ 57 image points
between each of the 4 consecutive pairs of im-
ages instead of 255. That is about/87~ 15
features on each object on each image frame,
which is easier to achieve in practice. In general
if m = O(n), O(n?) feature points per object
need to be tracked in each image. For exam-
ple, whenm = n + 1 = 6, one needs to track
about 18 points on each object, which is not so
demanding given the nature of the problem.
(c) Internal structure of F. The only step of Al-
gorithm 1 that require® (n*) image pairs is the

(b)

Two-View Multibody Structure from Motion 21

estimation of the multibody fundamental matrix
F.Step2requires alot of data points, becatise
is estimated linearly without taking into account
the rich internal algebraic structure &f (e.g.,
rank(F) < M, — n). Future research is needed
to reduce the minimum number of image pairs
by considering constraints among entriesFof

in the same spirit that the 8-point algorithm for
n = 1 canbereducedto 7 points if the algebraic
property det{) = 0 is used.

5. Noise sensitivity. Algorithm 1 gives a purely alge-
braic solution to the multibody structure from mo-
tion problem. Future research is needed to address
the sensitivity of the algorithm to noise in the image
measurements. In particular, one should pay atten-
tion to Step 2, which is sensitive to noise, because it
does not exploit the algebraic structure of the multi-
body fundamental matrif.

6. Optimality. Notice that linearly solving for
the multibody fundamental matrix through the
Veronese embedding is sub-optimal from a statis-
tical point of view. We refer the interested reader
to Vidal and Sastry (2003) for the derivation of the
optimal function for motion estimation and segmen-
tation in the case where the correspondences are
corrupted with i.i.d. zero-mean Gaussian noise.

At the end of our theoretical development, Table 1
summarizes our results with a comparison of the ge-
ometric entities associated with two views of 1 rigid-
body motion and two views of rigid-body motions.

4. Experimental Results

In this section, we evaluate the performance of our mo-
tion segmentation algorithm with respect to the amount
of noise in the image measurements. We also present
experimental results on the segmentation of an indoor
seguence.

We brst test the algorithm on synthetic data. We ran-
domly pickn = 2 collections ofN = 100: feature
points and apply a different (randomly chosen) rigid
body motion R;, 7;) € SE(3), with R; € SO(3) the
rotation andl; € R3the translation. We add zero-mean
Gaussian noise with standard deviation (std) from 0 to
1 pixels to the images; andx,. The image size is
1000 pixels. We run 1000 trials for each noise level.
For each trial, the classibcation error is computed as
the percentage of misclassibed points, and the error be-
tween the true motiongR; , 7;)}/_; and their estimates
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Table 1.
of n rigid-body motions.

Comparison between the geometry for two views of 1 rigid-body motion and the geometry

Comparison of

2 views of 1 body

2 views ofbodies

An image pair x1,x2 € R® v (x1), vy (x2) € RMn
Epipolar constraint xIFx; =0 Va(x2)T Fu,(x1) =0
Fundamental matrix F e R¥3 F e RMnxMn
x%®x% Un(x%)@)vn(x%)
X3 @x? V1 (x3) ® vy (x2)
Linear estimation fromV image pairs f=0 . f=0
. xé\/®xiv Vn(szv)(g)vn(xiv)
Epipole e'F=0 va(e)T F=0
Epipolar lines [* Fxi e R® = Fu,(x1) € RM»
Epipolar line & point xI=Z0 va(x2)TEZE 0
Epipolar line & epipole e'[Z0 v, (D=0

We also tested the proposed approach by segmenting
a real sequence in which a moving camera observes a

{(R,, B)y"_, are computed as

Rotation o 1" aC0S trace®; RY) — 1 degrees can movir]g in front of a static background consisting
no,_, 2 of a T-shirt and a book. We manually extracted a to-

1 7T tal of N = 170 correspondences: 70 for the can and

Translation erroe= " acos m degrees 100 for the background. For comparison purposes, we

estimated the ground truth motio®;( 7;) by apply-
ing the eight-point algorithm to manually segmented
Figure 5 plots the mean classibcation error, the rota- correspondences. Figure 6 shows the Prst frame of
tion error and the translation error (degrees) as a func- the sequence as well as the relative displacement of
tion of noise. In all trials the number of motions was the correspondences between the two frames. We ap-
correctly estimated from Eq. (19) as= 28 The mean plied Algorithm 1 to estimate the number of motions as
classibcation error is less than 7% using an assignmentr = 2.° We obtained a misclassiPcation error of 5.88%
based on epipoles and epipolar lines, and can be re-when the clustering is obtained using epipolar lines and
duced to about 3.25% using an assignment based onepipoles only. We used this segmentation to obtain the
the Sampson error. The rotation error is less tha80 motion parameters for each group. The error in rota-
and the translation error is less thaB®. tion was 007° for the background and #2° for the can.

—e— Segmentation with epipoles and epipolar lines
——Segmentation with Sampson error

0.8 }[——Rotation error | Y I
—e—Translation error| _

o7b T

Classification error [%)]

Y, | L

0.1 Fes

Rotation and translation errors [degrees]

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1
Noise level [pixels] Noise level [pixels]

Figure 5. Percentage of correct classibcation and error in the estimation of rotation and translation (in degrees).
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1200

0 70 70 0 70 170

Figure 6. Top: brst frame of a sequence with two rigid-body motionsNthe can and the backgroundNand the 2-D displacements of the 140
correspondences from the prst view@Pto the second-4®). Bottom: segmentation of the 170 correspondences using epipoles and epipolar
lines (left) and using Sampson distance (right).

The error in translation was®1° for the background  to multiple moving objects. Overall, the proposed algo-
and 451° for the can. Given the motion parameters rithm provides a principled solution to the problem and
for each group, we re-clustered the features using paves the way to a more systematic study of its many
the Sampson error (39). The misclassibcation error variations, such as special motions, special structures,
reduced to 0%. multiple frames, etc.
Issues such as the effect of noise, outliers, incorrect

correspondences and missing data have not been sys-
5. Discussions, Conclusions and Future Work tematically studied. The present algorithm can tolerate

a moderate amount of noise, provided that the multi-
We have presented a novel geometric approach for thebody fundamental matrix is well estimated. However,
analysis of dynamic scenes containing multiple rigidly further research is needed to improve the estimation of
moving objects seen in two perspective views. Instead the number of motions and of the multibody fundamen-
of iterating between feature clustering and single body tal matrix, e.g., by incorporating its internal algebraic
motion estimation, our approach eliminates the clus- structure in the current approach. We refer the reader
tering problem and solves directly for the motion pa- to Vidal and Sastry (2003) for more details on the es-
rameters. This is achieved by exploiting the algebraic timation of the multibody fundamental matrix in the
and geometric properties of the so-calledlribody presence of zero-mean Gaussian noise. Our discussion
epipolar constraint and its associateaultibody fun- has also suggested that the use of multiple images may
damental matrix, which are natural generalizations of reduce the amount of feature points needed from each
the epipolar constraint and of the fundamental matrix image (pair), thus improving the performance of the
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algorithm. We have shown that this is indeed the case
in Hartley and Vidal (2004), where we considered the
motion segmentation problem in the case of three per-
spective views. The case of multiple afbne views with
missing correspondences can be found in Vidal and
Hartley (2004).

Notes

. The relationships between epipoles and epipolar lines will be
studied in the next section, where we will show how both of them
can be computed from the derivatives of the multibody epipolar
constraint.

. This is simply because the,, monomials inv,(x) are linearly
independent.

. This assumption is not always satisbed, e.g.nfer 3 motions
with epipoles along th&, Y and Z axes. However, as long as
the ¢;Os are different up to scale, one can always bnd a non-
singular linear transformatioey +— Te; on R3 that makes the
assumption true. Furthermore, this linear transformation induces
alinear transformation on the lifted spa&&» that preserves the
rank of the matrixU.

. Forn = 1, Dv,(x) is clearly full rank. Fom > 2, notice that if
y = [y1, 2, ya]” is such thatDv, (x)y = 0, thennx"'y; = 0
forj =1,...,3. Thusy = 0if all entries ofx are nonzero. One
can show thay = 0 even when one or two entries ofare zero
by properly choosing additional equations framm, (x)y = 0.

. This is the so-called (real) Veronese surface in Algebraic Geom-
etry (Harris, 1992).

. Notice that this is not a strong assumption. If two individual fun-

Han, M. and Kanade, T. 2000. Reconstruction of a scene with mul-
tiple linearly moving objects. IMEEE Conference on Computer
Vision and Pattern Recognition, volume 2, pp. 542D549.

Harris, J. 1992 Algebraic Geometry: A First Course, Springer-
Verlag.

Hartley R. and Zisserman A. 20QQultiple View Geometry in Com-
puter Vision, Cambridge.

Hartley, R. and Vidal, R. 2004. The multibody trifocal tensor: Motion
segmentation from 3 perspective views,/IEEE Conference on
Computer Vision and Pattern Recognition, volume |, pp. 769D
775.

Kanatani, K. 2001. Motion segmentation by subspace separation and
model selection, lternational Conference on Computer Vision,
vol. 2, pp. 586D591.

Kanatani, K. 2002. Evaluation and selection of models for motion
segmentation, |dsian Conference on Computer Vision, pp. 7D
12.

Lang, S. 19934lgebra, Addison-Wesley Publishing Company, 3rd
edition,

Longuet-Higgins, H., C. 1981. A computer algorithm for reconstruct-
ing a scene from two projectionSarure, 293:133D135.

Ma, VY., Kodeclkx J. and Sastry, S. 2001. Optimization crite-
ria and geometric algorithms for motion and structure esti-
mation, International Journal of Computer Vision, 44(3):219D
249.

Ma, Y. Soatto, S., Kosecka, J., and Sastry, S. 2@@3nvitation to
3D Vision: From Images to Geometric Models, Springer Verlag.

Shashua, A. and Levin, A. 2001. Multi-frame inPnitesimal motion
model for the reconstruction of (dynamic) scenes with multiple
linearly moving objects. lfnternational Conference on Computer
Vision, vol. 2 :592D599.

damental matrices share the same (left) epipoles, one can considersyym, p, 2002. Structure and motion for dynamic scenesKithe case

the right epipoles (in the brst image frame) instead, because it is
extremely rare that two motions give rise to the same left and right
epipoles. In fact, this happens only when the rotation axes of the
two motions are equal to each other and parallel to the translation
direction.

. This happens only when the rotation axes of the two motions are
equal to each other and parallel to the translation direction.

. We useu = 5 x 103 in equation (19) for computing the number
of motions.

. We useu = 5 x 103 in equation (19) for computing the number
of motions.
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