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Abstract

We match shapes, even under severe deformations, via alsmemarametrization of
their integral invariant signatures. These robust sigmatuand correspondences are
the foundation of a shape energy functional for variatiombhge segmentation. In-
tegral invariant shape templates do not require registratand allow for significant
deformations of the contour, such as the articulation ofdhgect’s parts. This enables
generalization to multiple instances of a shape from a gnghmplate, instead of re-
quiring several templates for searching or training. Thagppr motivates and presents
the energy functional, derives the gradient descent doadb optimize the functional,
and demonstrates the method, coupled with a data term, dimege data where the
object’s parts are articulated.

1. Introduction

As computational vision continues the transition from l@wvel representations of knowl-
edge (edges, features) to high-level representationgestes become a key component
in the detection and recognition of objects. Unfortunatshape is an elusive concept;
shape is the object data left after removing all the “uniedéing” (in this context) de-
pendencies: translation, rotation, scale [1], photomatticulation, class variation, etc.

Fig. 1 briefly illustrates the difficulties that arise whegsenting an object from an
image. The varying illumination, textured/noisy backgrduand similar intensity val-
ues in the fore/background make intensity-based segn@mtaiethods alone useless.
A shape template would help; but several templates or adéegsrobabilistic model of
the templates (which in turn requires several templatefiénform of a training set)
would be needed to segment all the images. Yet humans uadérte shape and its
variations as well as the backs of their own hands.
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Fig. 1. Similar objects with a variation of its articulated parts. We desire a shape tenfiptate
segmenting these images that will handle these variations.

This paper proposes to extend the recent work on integratiemt shape descrip-
tors [2—4] for shapes represented as closed planar contboese functions are by
construction invariant to many of the nuisance factorsitigte shape analysis difficult
(photometry and group actions) and robust to other suclanoés (local deformation
of the shape due to articulations or parts, occlusions, mefoThese properties make
integral invariants ideal for shape recognition despitisamces. For the same reasons,
integral invariants make ideal candidates for shape tetegla

Our contribution is to propose a method for matching shapekengoing severe
deformations, and develop a segmentation scheme thatesfprior shape knowledge
through integral invariant representations. This inctudsing a local representation in
terms of an integral invariant signatures, as done by skasthors before (reviewed in
Sections 1.1 and 2.1), with a smooth re-parametrizationeo$hape domain to allow for
large deformations (Section 2.2). We apply this model tivéean energy functional to
enforce shape priors for segmentation (Section 4) andrifitespromising preliminary
results for segmentation tasks (Section 5).

1.1. Prior Shapesin Variational Segmentation

Shape has a long history; we only make a few notes on the woatptovide context
for the interested reader. There are many representatiaispe and frameworks for
their study, decomposition, and comparison. Statisticeth@ds based landmarks on
parameterized contours were pursued in [5-8]. Represamsadf shape independent
of parameterization began in [9] and continues today [LOT8]s work ties closely
with representations of shape as points on an infinite dimmeasmanifold, where the
deformations are the actions of Lie groups [11-14, 10]. €hegproaches based on
an explicit representation of shape enable the definitioooofespondences between
shapes [15, 16, 10].

For variational contour-evolution methods for segmeatafil7-21], a statistical
representation of shape is used to cope with class vatiafil2—26, 7] Unlike sta-
tistical methods which require a training set, we proposetardinistic method that
spans these variations withsingle template shapey exploiting the locality property
of an integral invariant. In contrast to some of the literatan shape where a method
is termed group-invariant when the group parameters arepimiaed input for the
function (i. e. [7]), we call a function invariant if the vaiusindependent of an action
belonging to the groupgWe make this precise in Sec. 2.1.)



2. Integral Invariants and Shape Distance

In this section, we briefly review integral invariants andctébe a intuitively meaning-
ful shape distance defined between these invariants.

2.1. Integral invariants

For a shape represented as a closed planar eun&+— R? and a grougs acting on
R2?, anintegral G-invariantis an integral function of the curve that does not vary due
to the action of any; € G. Formally, for a kerneh : R? x R? — R,
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is an integral invariant if

L,(p) = I4y(gp) VYg€G. (2

These invariants share several desirable qualities afrinaie well-known cousins, dif-
ferential invariants, including locality. However, undildifferential invariants, integral
invariants are far more robust to noise. Specific examplesade the “observed trans-
port” shape measure [2] and the local area invariant [3]hBitthese invariants are
parameterized by, the radius of a circular kernel.

Due to its noise-robustness, we favor the so-called loed &uclidean-invariant.
Specifically, the invariant is based on a kerhéb, z) = x(B,-(p) N ¥)(x), which rep-
resents the indicator function of the intersection of a $wiatle of radiusr centered
at the pointp with the interior of the curve. For a radius-, the corresponding integral

invariant
Lo [ 3)
B (p)ny

can be thought of as a function from the inter{@l1] to the positive reals, bounded
above by the area of the region bounded by the cyrvilternately, normalizing the
functional by the area aB,. maps the interva, 1] to [0, 1]. This is illustrated in Fig. 2
and examples are shown in Fig. 3, which demonstrates (inrtédur rows) the effec-
tiveness of this representation for comparing shapes uadeidean transformations,
articulation of parts, and in global additive noise. HoweWdg. 3 (last row) demon-
strates that the local area invariant, like all other indé@nd differential invariants, is
not robust to a highly localized perturbation such as anusigh. In the next section we
present a method to warp the parameterization of the cuovéisas such comparisons
can be made robustly.

2.2. Shapedistance and warping integral invariants

While invariants can be designed to be invariant to groupastiand integral invari-
ants are robust to noise, an invariant for highly localizédh energy perturbations of
a shape, such as the addition of spikes, slivers, or oth&s, pauthe “disappearance” of
parts due to occlusion or change in configuration (i.e. Fidir&, third, and fifth row)



Fig. 2. Integral area invariant defined by eq. (3).

is much more problematic. A naive distance defined on aniswbwould yield a rela-
tively large distance between the two hands in the last tuxs @f Fig. 3 (implying they
are very different) while intuitively these shapes showsiédra small distance between
them.

From the perspective of invariants, the large differendeveen shapes with local
variation is due to the parameterization of the curves, asotstrated in Fig. 3. If
the “stub” could be mapped to the ring finger (which has muclyéw arclength), the
distance between the two shapes would be limited to the eawased by that finger.
This warping of the parameterization of one shape, or marasgtrically both shapes,
would allow the computation of an intuitively more satisfgidistance while effectively
inducing point correspondences between the two curves.

Thus we wish to find an optimal correspondence between th®wemand concur-
rently measure the shape distance based on the corresgendi@uitively, two corre-
sponding points on two contours should have similar inveivalue, which leads us to
define the optimal correspondence in terms of an energyibnatt (1, I, d; s) for
the discrepancy between two integral invariaiitds , in terms of the disparity function
d(s), as follows:

E(I,I5,d;s) = Er(I1, I, d; s) + Ex(d'; s)
1
= | |Ii(s—d(s)) — I(s + d(s))|*ds (4)

0
1
+a [ )P
0

wherea > 0 is a constant. The first termy; of the energy functional measures the
similarity of two curves by integrating the local differenof the integral invariant at
corresponding points. A cost functional based on a localgarisons minimizes the
impact of articulations and local changes of a contour beedle difference in invari-
ants is proportionally localized in the domain of the inedgcontrast this with a global
descriptor where local changes influence the descriptayetere. The second term
E5 of the energy functional is associated with the elasticggnefthe disparity function
d(s) with the control parameter that penalizes stretching or shrinking of the disparity.
The shape matching of two curves is obtained by finding a spmedence between
their integral invariants. The correspondence betweerctwees is determined by the
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Fig. 3. Sample shapes and their integral invariakistnel size is 15% of the curve’s bounding
box. Note the missing “hump” on the last invariant due to the missing arttigfigger) in last
row.

disparity functiond(s) that minimizes the energy functional as follows:
d*(s) = arg min E(I, Iz, d; s) (5)
Given the correspondendé, the shape matching between two cur¢es 72 ) is given
as:
y(s=d*(s)) ~ya(s+d*(s)), Vsel[0,1]]CR (6)

where~ denotes the point-wise correspondence between curves [4].

Suggested methods for the implementation of this optingranclude graph-based
methods as in [27, 2, 28, 29], whetlé is the shortest path through a graph where the
nodes represent pointwise correspondences.

3. Estimating Shape and Correspondence via Bayesian I nference

In this work, we address the following problem: Given an imag R? — R and given
asingletemplate shape, : S — R?, determine the optimal segmentatipn S — R?
of the image plane and the optimal correspondence (or repdesization) function



q - S — S which associates the parts of the contgwith corresponding parts on the
templatey,. (In Section 4 we discuss the connections between the medeazation
q(s) and disparityd(s) in Equation 4.)

Clearly, the estimation of the optimal contourand the optimal correspondence
functionq are highly coupled problems. Therefore we propose to sbiggtroblem by
maximizing the conditional probability

P(v,ql1,70) (7)

simultaneously with respect to both the contguand the correspondence functign
According to the Bayesian formula, we can rewrite (7) as:

PP (O, alv0)

(8)

Here we have made the two assumptions that the conditionbbpility P(I|v, ¢,70)
in the numerator of (8) does not depend on the given template on the correspon-
dence function.

Maximizing this conditional probability for a given imadeis equivalent to mini-
mize the energy

E(Iv Vs Q) = aEdata(L '7) + (1 - a)Eshape ('73 Yo, Q)y (9)

where the data energy and the shape energy correspond tedghtive logarithms of
the two probabilities given in the numerator of (8). Since tbcus of this paper is on
modeling a novel shape prior, for simplicity we choose thaiGkese energy as a data
term, and alternate the minimization of each energy ternthénfollowing, we will
focus on modeling the shape energy.

Minimizing the above joint energy will accomplish two gaoalhe first is to favor
segmentation contoursthat separate the domain of the image datato object and
background. The second is to favor contours that have a siaplar to a template
contour~y. In contrast to existing methods to introduce shape priois variational
segmentation, the proposed shape prior is not learnt atistised model inferred from
a set of training shapes. We only use a single template shapehe flexibility of the
shape prior arises through the use of a more sophisticasgabstissimilarity measure
which can handle stretching or shrinking and the correspooe of subparts.

Based on the assumption that the intensities of object atidjpaund are Gaussian-
distributed, one can derive a data tefip,,, given by the piecewise constant Mumford-
Shah functional [30, 31]:

Ew(I,’Y) - /(1_01)2d37+ /(1—02)2d37+ l//dS (10)
g ¥
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herecy, ¢y are the constant approximationofi. e. the mean) inside and outsigleThis
functional can be minimized by evolving an initial contourdamodel in the gradient
direction

Yoo =((c1 —c2)I —c1 +1—c2) —vKk) N (11)



wherex denotes the local curvature. This functional will provithe ttonnection be-
tween the segmenting contoyirand the image data. However, any other variational
segmentation model proposed in the literature could betisuties!.

4. Integral Invariant Templatesfor Curve Evolution

In this section, we will construct an appropriate shaperptig, . in (9) for variational
segmentation based on the notion of integral invariantekiggcriptions and pointwise
correspondence. Intuitively, we reason that the best waypdtate the portion of a con-
tour that will become, say, a finger, is to compare it to thevaht part of the template,
the corresponding finger. As discussed in Section 2.2, riategvariant based shape
distances allow us to do exactly this; with the invariant andrespondence in hand,
the evolution of the contour is governed by only the shapéeftémplate, and is not
influenced by nuisance factors.

Section 2.2 hints at our design of the energy term that willae the second goal.
Following [32], which evolves a contour so that its invatidias a certain property,
we evolve the contour to reduce its shape distance with al&enipvariant. This shape
term has all the advantages of integral invariant methdgshg resulting flow will also
beG-invariant, eliminating contour motions that do not instrthe shape of the contour,
or alternately eliminating the need to align or registerdbietour to the template; (2) the
resulting flow will be more noise robust; and (3) the resuglfilow will be less sensitive
to articulation of parts, allowing a template to better esgmt a class of shapes. For
instance, with a method that is not insensitive to articoigta hand template could only
be used when the target hand'’s fingars configured exactly like the templateth the
integral invariant representation of the hand, hands withygd or bent fingers have
similar invariants to the template.

These advantages are realized with a shape energy term

1

Bunane(:70:0) = 5 [ (106) = Tola(s)))*ds (12

based on the integral invariant from Section 2.1 rewritten a
I(s) = / B(~(s) — 3,r)ds. (13)
g

q(s) = s — 2d(s) is an asymmetric expression of the warping function. Fowveen
nience, we defing(s) = I(s) — Io(gq(s)). In anticipation of the time-dependence of
the arclength parametrization, we rewrite the energy withange of variables

1
E(ra) =5 [ 102 Iwlidp 14)
v
Taking the time derivative yields

Ei(v,q) =/f(p)ft(p)\lvplldp+%/f(p)szplltdn (15)
Y Y



fi(p) = Li(p) — (Io(q(p)): The second term is the well known curve shortening flow,
S0 we concentrate on the first term. Two notes at this pointredsimplification of

the expression. First, we must compute the derivative ofrttegral invariant/,. Via

the divergence theorem, an area-based energy of the Kjuh = fW F(s)ds (for a
general functionF'(s)) has a derivative that can be expressed as a contour integral
Ei(s) = f7<% F(s)N)ds, where(-, -) is the dot product and/ is the normal direction.
Applying this formula tol; yields

Lip) = — / (e B(7(p) — 5, 7)N)d3 (16)

Second, we note thd} (-) is the constant shape template, so its derivatidefewriting
and reversing the change of variables

B0 == [ 1) [ n Bl ~snMdsas . an
Re-arranging the nested integral allows us to introducéh@n@onvenient quantity,
90 = [ S@BA) sl r)ds 18)
and write
Ei(v,q) _L<7t,—Lg(s)dsN>d§+... (19)

Including the omitted curvature shortening term,
Ein0) = [ (= [ gls)ds + £(sP)N) s 20)
v 8l

In order to maximally reduce this energy, we chegs¢o be the negative of the second
term of the inner product

= / (—g(s) + F(5)2(s))N. (21)

Theg(s) term has a straightforward interpretation; at a point orcthour, it is simply
the integral of difference of the invariant values on thetisas ofy inside the kernel.
In the next section, we integrate this shape term into a setatien functional.

5. Energy Minimization with Integral Invariant Shape Templates

In this section we will detail how to minimize the joint engrfP) to simultaneously
compute a segmentation and a correspondence of the pahs ségmentation to re-
spective parts of the given shape template. We will apply segmentation functional
to real data to demonstrate the flexibility of integral ingat shape templates.

We will minimize the functional (9) with the partial diffen&ial equation

Yt = Vt,data + QYt shape (22)



wherey: shape iS (21) andy: 4qtq is the flow in (11) « is a user-defined weighting term.

The curvey is embedded in a higher-dimensional functidn R? — R to make
use of the well-known level-set implementation of curveletion methods [33, 19, 21].
The level-set function is constructed so tha{®(xz) = 0} = ~; the evolution ofy in
the~, = BN direction is realized through the evolution®fin the

&, = —p|Vo| (23)

direction.

We employ a dual representation of the contour to speed thputations. A polyg-
onal representation is used for the computatio@d(@), f(s), andg(s). These terms,
computed on the vertices of a polygon, are then mapped teetled-$et domain and
nearest-neighbor extrapolated, «, the data terms, an#, are computed directly in the
image/level-set domain, per usual. At each timestep, wameate the integral invariant
and correspondence, so that we are alternating the two iaptions (correspondence
segmentation).

In the remainder of this section we show an experiment thabdestrates the power
of an integral invariant based template over more traditiGhape-template methods.
Specifically, we will address the case where an affine tramsftion is not adequate to
map the shape template to the object in the image. In this aasere general, local de-
formation is required; the goal is to demonstrate that thality of the integral invariant
translates into energy penalties that are proportiondidsize of the deformation.

We compare our implementation to a implementation that séeloptimize the
distance from the contour to a shape prior

Evnape(7) = / d(1(s), g70)ds (24)

Y

whereg € G, a group. For a traditional method that aligns the shape ls@mpo the
object during the segmentation process, an affine transfitomin two dimensions
requires the optimization of six parameters. Many methadghe literature restrict
themselves to lower-dimensional groups (Euclidean, aitity]) but the generalization is
straightforward. The optimization is usually implementeith two steps per iteration;
first an update of the contour

Vt,shape = Vd('% g’y@) (25)

and second an update of the transformation parameténsthe remainder of this sec-
tion, we demonstrate results on real images that show thenfal of the integral in-
variant as a shape template.

Fig. 4 shows the segmentation of the image of a hand, takérvaiying illumina-
tion against a busy background. While the contrast is stribsgpuld be noted that the
gray values of the object and background are in a similareamgaking segmentation
by image data alone (via the Chan-Vese method with a strongitue prior) difficult,
as shown in Fig. 4(b). A shape template may assist in the sagitian, but the choice of
template is important. An unregistered template (as in4jidnas a strong influence on
the contour. This is because the segmentation contour tantiobe near the template
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(a) Template (b) Data only
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(c) Distance-based (d) Invariant-based
Functional Functional

Fig. 4. Segmentation with a shape template0.85

and edges in the image; the energy functional converges tomgromise” between
the two criteria. Unfortunately, this compromise servathee criteria well. In contrast,
the integral invariant shape template is not dependent @fottation of the template.
Regardless of the alignment, the template does not compttehe data term for the
location of the contour (d).

Figure 5 shows the added flexibility of the integral invatighape template. While
optimization of transform parameters allows the alignnediihe distance function tem-
plate to the data (a), the template cannot capture the &ticlthumb (c). Again, the
integral invariant template generalizes to better capthi® object (d). Here, due to
the locality of the invariant, the deviations of the segmaéon from the template are
penalizednly at the differing bends in the contotihis allows for a much better “com-
promise” between the shape and data terms; now a singledegilape can be used
despite the many variations (finger poses) inherent in tassof object.

6. Open Issues

The method we have proposed relies on the uniqueness oftédgrahinvariant rep-
resentation. In [3] Manay et. al. outline the relationshgivieen curvature, which is
a unique representation of the contour, with the integnadiiiant in the limit as ker-
nel size goes to 0. For finite kernel size the uniqueness ahtlaiant is the topic of
continuing investigation.

If the invariant is not unique, the contour flow will not nesasly converge to the
shape template, but may converge to other shapes that tesartie invariant. Indeed,
this may explain the instabilities we have observed in theaar flow in synthetic ex-
periments where the image data term is discarded. Howewpractice, the data terms
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Fig. 5. Segmentation with a shape template0.85

of the flow help restrict the contour to the desired soluti@mmore rigorous solution
would be to base the flow on an integral invariant that is uejdbe development of
which is also the topic of our continuing research.

7. Summary and Conclusions

In this paper we draw on the emerging work on local integrediiant shape descrip-
tions to first present a shape distance between two contasesiton optimal correspon-
dences between the parts of the contours that have simi&grai invariant. Based on
this shape distance we construct a shape energy functmmaifiational segmentation.
This new shape energy term fundamentally differs from presfly proposed statistical
shape priors which allow for shape deformations that arésttally learnt from an
entire set of training shapes. Our shape prior only usesgestemplate shape, it is
not dependent on the relative position and rotation of thiptate, eliminating the need
for registration of the data to the template. Further, dutaédocality properties of the
integral invariant, the more sophisticated shape distatioes for certain deformations
of the given template, such as local stretching or shrinkimg) the articulation of parts.
Preliminary results show the effectiveness of integradiiant templates in a curve evo-
lution segmentation framework implemented via level sethogs and applied to real
data.
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